A WONDERFUL EMBEDDING OF THE LOOP GROUP 



PABLO SOLIS 

Abstract. I describe the wonderful compactification of loop groups. These compactifications are ob- 
tained by adding normal-crossing boundary divisors to the group LG of loops in a reductive group G 
(or more accurately, to the semi-direct product C x X LG) in a manner cqui variant for the left and 
right C x K LG-actions. The analogue for a torus group T is the theory of toric varieties; for an adjoint 
group G, this is the wonderful compactications of Dc Concini and Procesi. The loop group analogue 
is suggested by work of Faltings in relation to the compactification of moduli of G-bundles over nodal 
curves. A thorough treatment of the construction of the 'wonderful' completion of the moduli stack of 
bundles will be carried out in a follow up paper. 



1. Introduction 

Let G be a simple simply connected algebraic group over C. This paper studies smooth compactifica- 
tions of G and limits of families of principal G bundles on nodal curves. The connection between the two 
can be seen as follows. If we fix a smooth curve G/C then the stack Buno(C) of all G-bundles on a curve 
satisfies the valuative criterion for completeness, which means given a commutative square as below we 
can always fill in the diagonal arrow: 

Specif >Bun G {C) 




Spec R Spec C 

where R is a complete DVR with fraction field K. 

When C is a nodal curve then Buna{C) no longer has this property. To see this let E — > C be a prin- 
cipal G-bundle. We identify E with a bundle E on the normalization X together with an isomorphism 
4>: E y — > E z where y, z are the pre images of the node x <G C; we write E = (E, 4>). Bunc{C) is not com- 
plete because in families the isomorphism <f> can go to infinity along a 1PSG of G. Thus compactifications 
of G are relevant to any completion of Buuq{C) . 

In fact over a fixed nodal curve Bhosle in [2] has given a completion of Buuq{C) simply by supplying 
a compactification of G. However this does not address how to compactify bundles in families and does 
not give a modular interpretation of what the boundary of the completion means. Such a modular 
interpretation was given by Kausz for the case G = GL(V). The key innovation we demonstrate here is 
that in order to provide a similar construction for G simple one must not just compactifify G but in fact 
'compactify' or complete the loop group LG. 

Much work has been done in both the subject of compactifying reductive groups and the study of 
bundles on curves via loop groups. Let us give a brief account of some of the relevant results in these 
areas. 

1.1. Compactifications of G. In 1983 De Concini and Procesi studied the symmetric space G/H where 
G is a Lie group and H is the fixed point set of an involution a of G; sec [7]. They constructed, using 
representation theory, a "wonderful" compactification G/H of G/H. It is a smooth projective space 
and the boundary G/H — G/H consists of smooth normal crossing divisors. This construction was 
used to study problems in enumerative geometry. After De Concini and Procesi's paper the properties 
of their compactification were axiomatized (with proper in place of projective) and such varieties were 
called wonderful. A paticular case is G = G x G with cr(gi, 52) = (52,51)- We have H = A(G) so the 
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quotient is a copy of G. When G is of adjoint type this gives a wonderful compactification of G with the 
boundary being a union of r = rk(G) smooth normal crossing divisors. A construction of the wonderful 
compactification which we will exploit uses representation theory: 

G wond = G x G.[id\ C VEnd(V{\)) (1) 

where A is a regular dominant weight. 

In fact smooth compactifications G for all reductive groups G exist [6, 6.2.4] but are not wonderful 
because they have too many boundary divisors; see definition of wonderful variety in section 2. Addition- 
ally there is a so called canonical embedding of a semi simple group but this compactification is generally 
not smooth unless we are in the extreme case Z(G) = 1 (G = SL 2 is an exception). 

The issue with the canonical embedding can be understood as follows. The canonical embedding is 
always toroidal which means among other things that G is smooth and complete if and only if T is. The 
canonical embedding is in particular a spherical variety and, much like toric varieties, is classified by 
combinatorial data known as a colored fan. Colored fans are again just rational polyhedral fans with 
some decorations termed colors. An additional property of a toroidal embedding is that the underlying 
rational polyhedral fan for G is equal to the fan of T quoticntcd by the Weyl group of G. For the 
canonical embedding the fan is given by the Weyl chamber. Therefore the statement that G is generally 
singular amounts to the statement that the roots of a reductive group G generally don't form a basis for 
the character lattice of a maximal torus T C G. 

This problem can be circumvented by using stacks; specifically toric stacks; see [13]. It turns out 
that the generally singular fans that appear in these compactifications can be "enriched" to stacky 
fans which produce smooth DM-stacks. With toric stacks in hand one can construct a "spherical" G- 
stack X that sits over the singular compactification G. In [23], Martens and Thaddeus carry this out 
explicitly by constructing certain moduli problems about G-bundles on chains of P 1 s that "represent" the 
compactification. We note that using a result from spherical varieties one can reproduce this result simply 
using the representation theory of G. Namely for a regular dominant weight A there is a quasiprojective 
variety H c that sits inside endomorphism spaces associated to A with an action of a torus T such that 
the global quotient X — [H c /T] contains G as a dense open subvariety. Additionally, X contains a dense 
open substack X which is the closure of the open cell U~TU of G and 

Theorem 2.9. 

(a) X is smooth and proper. 

(b) X — X n is of pure codimension 1 and we have an exact sequence 

-> Z r -> Pic{X) -> Z(G) -> 

where the subgroup Z r is generated by the irreducible components of X — X . 

(c) The boundary X — G consists of r divisors Di, . . . ,D r with simple normal crossings and the 
closure of the G x G-orbits are in bijective correspondence with subsets I C [l,r] in such a way 
that to I we associate flig/Dj. 

(d) Let ui, . . . ,u r be generators of the rays of the Weyl chamber and M be the monoid they generate. 
Any G equivariant X' — > X determines and is determined by a fan supported in the negative Weyl 
chamber whose lattice points lie in M. 

Though this result is not new the fact that is can be proved using only representation theory will be 
important when we turn to the study of loop groups. 

1.2. Loop groups. The definition of the loop group depends on what category one is working in. There 
is the smooth loop group: L sra K = C°° (S 1 : K) where K is a compact form of G and its complcxification 
L sm G = C°°(S 1 , G); this is the version used in differential and complex geometry. In algebraic geometry 
one works with LG = G((z)) = G(SpecC((z))). In this paper we primarily work with the algebraic loop 
group but to a large extent results one proves in one setting tend to hold in the other. For example the 
geometry of flag varieties of LG and the representation theory are essentially the same for L sm G. Here 
we state the main result in the algebraic case but we have an analogous result in the smooth setting (see 
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remark 12). In fact the group of interest is a semi-direct product C x x LG; this is explained in the next 
subsection. 

Theorem 3.7. If G is a simple, connected, simply connected algebraic group over C with center Z(G) 
then C x x LG/Z(G) has a wonderful embedding X a ^ = C x x LG/Z(G). There is a dense open substack 
Xq^ which is the closure of the open cell in C x k LG jZ(G) and 

(a) X a M is formally smooth. 

(b) X a ff - X% ff is of pure codimension 1 . It is a union of r + 1 divisors that generate the Picard 
group. 

(c) The boundary X a ^ — L K G/Z(G) consists of r + 1 normal crossing divisors D\, ... ,D r and the 
closure of the G a ^ x G aii -orbits are in bijective correspondence with subsets Id [l,r + 1] in 
such a way that to I we associate fligj-Dj. 

(d) Any G equivariant X' — > X a ^ determine and is determined by a weyl equivariant morphism of 



toric varieties T' — > T* d Q . 



We use the word embedding because C x x LG does not quite satisfy the completeness criterion (see 
theorem 3.9 for a precise statement) but algebraically there is a 'thin' version of C x x LG which fibers 
over A 1 and the boundary of the thin version is the fiber over which itself is complete. 

The strategy for proving the previous theorem is to use that C x k LG has a central extension G a ^ 
which is a Kac-Moody group and thus has a well behaved representation theory. More precisely, we 
replace G with G a ^ and V(A) with a highest weight representation V"(A) of G a ^ . V(A) is an infinite 
dimensional vector space which is a direct sum of weight spaces for a maximal torus C x x T x C x of 

Qaff ( hcrc C x ig the ccntral C><). 

Now we consider 



X aff = Qaff x G a ff.[id] C 



v(\)®v(\y 



Where V(A)®V(A)* := W^om^Vo). We have G a "/Z(G a ") = C x x LG/Z(G) so X a " indeed 
contains C x x LG/Z(G) as a dense open subscheme. 

There is also a stacky extension analogous to theorem 2.9, see theorem 3.13. 

1.3. LG and G-Bundles on Curves. The comparison between results related to LG and L sm G is 
not perfect. One notable example is that for any connected topological group G we have the stack 
Bunc,hoi{C) of holomorphic principal G-bundles on G can be presented as 

Theorem 1.1. 

Bun GMl (C) = L s ™G\L sm G/L sm >+G 

Here L+G consists of boundary values of holomorphic function from a small disc D p = {z e C : \z\ < 1} 
and LqG consists of boundary values of holomorphic function G — D p — > G. The corresponding algebraic 
statement has L+G = G[[z]} = G(SpecC[[z]]) and LqG = G(G — p) and only holds for G semi simple. 

The above theorem has a useful reformulation. Consider the two flag varieties Y + — LG/L + G and 
Y c = L C G\LG then 

Bun G (C) = LG 

The first presentation corresponds considering bundles on a small disc and on the complement of a small 
disc whereas the second corresponds removing a cylinder, or annulus, that connects the open curve to the 
small disc and gluing a bundle by a pair of transition functions at the two extreme ends of the cylinder. 

We can use this second picture to understand degenerations. Holomorphically (or algebraically for- 
mally) any family of curves over a 1-dimensional base with smooth generic fiber and nodal special fiber 
has an etale neighborhood that looks like the genus degeneration represented by the morphism 

Spec C[a!,y ' u] ->SpecC[u] 
xy — u 

In the second picture, the space of bundles over the cylinder with trivializations at the ends is described 
using two loop groups L X G and L y G and the variables x, y are related by the relation x — u/y for u^O. 
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If we changed the trivialization at the x end by multiplication by h{x) € L X G then this changes the 
trivialization at the y end by h(u/y). So bundles on the cylinder can be identified with L X G x L y G / H 
where H = {(h(x),h(u/y)}. We can encode this with just one variable by looking at the semi direct 
product C x x LG where u.-f(z).u^ 1 = -f(u.z). The subgroup H is isomorphic to A(LG) via (h,h) i-> 
(h, uhu^ 1 ). Therefore away from u = 0, bundles on the cylinder are represented by 

(C x k LG) x (C x x LG)/A(C X x LG) = C x x LG. (2) 

Much like when we considered limits in the group G for a fixed nodal curve; in families we now consider 
limits in the group C x x LG. Using the embedding X a ^ one can complete the moduli stack of bundles 
on nodal families as follows. 

For simplicity assume G is a curve over a one dimensional base C — > B with generic smooth fibers 
Cb and a single nodal fiber Go with a single node x G Go; the general case can be reduced to this case. 
Buuq{C) fibers over B with only one non complete fiber Bunc(Co)- To complete Buuq{C) it is enough 
to complete Bun G (C) in a neighborhood of G and glue the result to Bun G (C — Go). 

In a neighborhood of Go we can use the 'cylindrical' slice Cyl mentioned above. That is Cyl C G is 
an open subset and the fiber Cyl^o is a cylinder and Cylo is two crossing discs that meet at x e Go- We 
can produce bundles on C by taking a bundle on G — Cyl trivialized along its boundary and a bundle on 
Cyl trivialized along its boundary and gluing them with a 'transition' function in LG x LG. Thus the 
non completeness of Butig{C) has been confined to Cyl. Bundles on Cyl — Cyl a are represented by the 
homogenous space (2). Holomorphically we can express this as the homogeneous space 

C x x L sm G x C x x L sm G 
Hol(Cyl-Cyl ,G) 

where Hol(Cyl — Cylo, G) denotes holomorphic maps from Cyl — Cylo to G. The embedding C x x LG 
provides the necessary completion over this piece. The gluing mentioned in this construction posses no 
problems in the holomorphic setting but the appropriate algebraic analogue requires more care and will 
be addressed in a follow up paper. 

1.4. Summary. Here we summarize briefly this paper. The aim of this paper is to construct an analogue 
of the wonderful compactification using positive energy representations. This is a generalization of the 
work in [29] to simple groups. In section 2, we recall the construction of the wonderful compactification 
of an adjoint group and use the theory of toric stacks to generalize to all reductive groups 2.9; this gives 
a representation theoretic construction to results in [23]. In section 3, we give basic definitions regarding 
loop groups and discuss positive energy representations. Additionally, we generalize the results in section 
2 to the loop group setting. In section 4, we discuss in detail the positive energy representations of the 
loop groups LT for a torus T and describe the embeddings of LT in terms of combinatorics of positive 
definite forms. Additionally we describe highest weight representations of LG and give L K G/Z(G) the 
structure of an ind-scheme. In section 5, we discuss in more detail the connection with bundles on nodal 
curves and given an explicit example of an SO$ bundle degenerating to a bundle with extra parabolic 
structure at the node. We also explain the connection between the embedding L K G/Z(G) and Faltings 
construction of a completion of Bunc{C). 

2. De Concini and Procecesi's Wonderful Compactification 

Here we give the construction of the wonderful compactification of a semisimple group of adjoint type, 
we recall the basic results regarding its structure and describe an extension to reductive groups. This 
section largely follows chapter 6 of [6]. 

Let G be a semisimple group. It has associated subgroups: a maximal torus T, opposite Borels B, B~ , 
their unipotent radicals U, U~ . The character lattice we denote as At, the co-character lattice wc denote 
as Vt and if fi e At,?? € Vt then the integer \i o r] we denote as (/z,7?), (fi,r]), or fi(rj). Let r — rk(G) 
and let a>i,...,a r be the positive simple roots. Let wi, . . . , cj r be the fundamental weights; the monoid 
of dominant weights is denoted A^. In this section we focus on the adjoint group G a< i '■= G/Z(G); here 
Z(G) is the center of G. 
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For a reductive group H, define a normal _ff-variety Y to be wonderful of rank r if Y is smooth proper 
and has r normal corssing divisors D\ , . . . , D r such that the ii-orbit closures are give by intersections 
(li e iDi for any subset I C {1, . . . , r}. The group G a d has a compactification G a d which is a G a d x Gad- 
wonderful variety of rank r = rk(G a d). 

One construction of G a d using representation theory is 

X:=G~d-= G x G.[id] e ¥End(V(\)) = P[V(A) <8> V(A)*] (3) 

where A is a regular dominant weight, V(X) is the irreducible representation of highest weight A, and 
[id] is the class of the identity. The stabilizer in G x G of id is A(G) and the stabilizer of [id] is 
Z(G) x Z(G) • A(G). So G a( j indeed contains G ac 2 = G/Z(G) as a dense open subset. We will see shortly 
that the construction is independent of the choice of A. 

Following [6] we set up the following notation. We can decompose 

End(V(X))= V^V*. 

Set P = ¥End(V{\)) and let Po C P be the open subset consisting of points whose projection to V\ ® V£ 
is not zero. Let T a d be the closure of T a d in X. Set Xq = X n Po and To = T n Po; we will see that 
Xo,To are independent of A and this in turn implies the same for X. 

Parts (a) - (d) of the following theorem arc due to Deconcini and Procesi [7, Thm 3.1, Thm 7.6]. 
Statement (e) is proved in [6, 6.2.4]. 

Theorem 2.1. Let X = G a d be as in (3). Then 

(a) X is independent of A. 

(b) X is smooth. 

(c) X — Xq is of pure codimension 1; it consists of divisors that freely generate the Picard group. 

(d) The boundary X — G a d consists of r normal crossing divisors D\ , . . . , D r and the closure of the 
G x G-orbits are in bijective correspondence with subsets I C [l,r] in such a way that to I we 
associate n^g/Dj. 

(e) Any G equivariant X' — > X determines and is determined by a Weyl equivariant morphism of 
toric varieties T' -4- T. 

One of the main results of this paper is an analogous theorem for loop groups. Certain results of semi 
simple group generalize immediately to loop groups and others arc more subtle to prove. To illustrate 
this and to emphasize the main ideas involved we sketch a proof of the above theorem. 

The proof will follow after a few lemmas which will also serve as our basic tools for studying stacky 
compactifications we construct for reductive groups and loop groups. 

Let t~ a represent the regular function on T given by the character —a. 

Lemma 2.2. T = Spec C[t~ 011 t~ a -\ = A r 

Proof. See the proof of 2.7. □ 

Lemma 2.3. The action morphism U~ x U x T — > X sending (m,U2,t) uitu^ 1 € X maps isomor- 
phically onto Xq. 

Proof. Sec 3.5. □ 

This lemma is a key tool in the proof of theorem 2.1; we shall refer to X as the open cell of X. 

Lemma 2.4. Let G be a reductive group and let V a highest weight representation of G . Then the orbit 
of the highest weight is the only closed orbit in FV 

Proof. This follows from the Borel fixed point theorem [3, Pg.272] for reductive groups. □ 

Remark 1. When we discuss loop groups we give a different proof (lemma 3.2) that circumvents the need 
for a Borel fixed point theorem in the Kac-Moody setting. 

Let us now sketch a proof of theorem 2.1. 
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Proof. To prove (a), (6), we note that lemmas 2.2,2.3 show T and X are independent of A and smooth. 
Observe that 

G x G.X = X (4) 

This follows from lemma 2.4: G x G.v x <g> is the unique closed orbit in P and it clearly intersects 
P . Now P — G x G.Po is G x G-stablc and closed therefore must be empty and hence we have (4). 
Consequently we have (b). 

For (a), consider compactifications X\ and X^ associated to weights A, /it. Let X\ be the closure 
of A(G) in X\ x Af^. The projection p\ : X\ — > is equivariant and lemmas 2.2,2.3 imply Aa,o := 
p~^ 1 {X\fi) = C/~ ■ A r -U; that is, the restriction of p> to ATa.o is an isomorphism and therefor induces an 
equivariant isomorphism on 

U g.X Afi = X A -+ X x = |J g.X . 

gEGxG gEGxG 

This proves (a). 

Part (c) uses the result that if U C Y is a dense open afhne of any scheme y then Y — U is of 
pure codimesion 1. This is proved in [25, 2.4]. In the case at hand, Xq is affinc and Pic(Xo) = 0; this 
immediately shows Pic(X) is generated by the irreducible components of X — Xq. A relation among 
these generator is a principal divisor (/) which is invertible on Xq\ such a function is a constant c and 
/ — c is zero on a dense open set hence there are no relations. Part (d) is proved by applying lemma 2.3 
to reduce it to the case To for which it is obvious. Part (e) is addressed in the next section. □ 

Remark 2. It is worth noting that there are alternative constuctions of the wonderful compactification. 
Starting with the Lie algebra g®Q consider the point A(g) £ Gr r ^ r and consider the closure of G x G.A(q) 
in Gr r ^r', this gives another construction of the wonderful compactification of G; see [7, pg.19]. 

Alternatively in [32] , Vinberg constructs an affine scheme S with the action ofGxT and identifies an 
open set S° C S such that the GIT quotient S°//T is also isomorphic to the wonderful compactification. 
Thaddeus and Martens use this construction and generalize it to provide stacky compactifications of 
reductive groups; [23, § 5,6]. However in this paper we stick to methods of representation theory as they 
readily extend to loop groups. 

2.1. Extension to Reductive Groups. Let G be a connected reductive group. In [6, 6.2], Brion and 
Kumar define a G-embedding Y to be a normal G x G variety containing G = (G x G)/ diag{G) as an open 
orbit. They call X toroidal if the quotient map G — > G/Z(G) = G a d extends to a map Y — > G a d ='■ X= 
the wonderful compactification of G a d- In fact, toroidal has a more general definition in the theory of 
spherical varieties but we will not need this level of generality. 
They prove the following proposition; see [6, 6.2.4]. 

Proposition 2.5. Any toroical G embedding is determined by its associated toric variety. 

In particular, given reductive group G, a maximal torus T and a fan of the form S = W ■ S where 
W is the Weyl group and So is a fan with support in the negative Weyl chamber, one can construct a 
G-embedding and an equivariant morphism to G a d- The construction in the proof of this result will be 
used in an essential way to generalize from smooth varieties to smooth stacks therefore we reproduce the 
proof and at the same time establish notation we will use in the sequel. 

Proof. Let Y be a toroidal G-embedding. We have a map 4>: Y — > G a d and the associated toric variety 
is (j)~ 1 (T a d). Equivariance implies that 

r\X ) = U- xc/ ) ~ 1 (%d~ )xU. 

We now describe how to go from a Weyl equivariant toric variety to a G-embedding. The above obser- 
vation will show these are inverse constructions. 

Fix a £ So and let T„ be the corresponding toric variety. The coordinate ring is k[T a ] = fc[cr v n At] 
and is generated by a finite set F a of characters. Now we choose a regular dominant weight A such 
that A + F a are all regular dominant weights. For any set of regular dominant weights u\,...,Vi, let 
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F[v\, . . . denote P(0^ End(V (vi))) . As in the construction of G a d we consider the orbit of the 
identity in P[A, A + F a ] = P[A, A + f]f e Fa . Consider the open set 

W{X, a) = P [A, A + F a ] - P[A + F a ] 

where P[A + F a ] is embedded in the larger projective space by setting all coordinates in P[A] to zero. Let 
p a : W(X,a) — > P[A] be the projection. Set G a = p~ 1 (G a d)- Note that p a is G-equivariant hence G a is 
G x G stable and in particular is a G-embedding. In summary we have a commutative diagram 



G^ 



G a< f 



W(X,a) 



A] 



(5) 



G a is a quasiprojective G-embcdding. Note that arguing as in the case of the wonderful compactification 
using lemma 2.3 and lemma 2.7 below we conclude that the partial compactficiations G a are independent 
of the choice of A and on the choice of generators F a . Now it remains to check that the various G a as a 
ranges in E glue together. This is the content of 2.6. □ 

As in the case of G a <i we refer to p~ 1 (Xq) as the open cell of G a . Using lemma 2.7 we reduce the gluing 
construction to the torus: for any cone a e E let F a denote a choice for a set of generators for cr v . If 
t C u then we can choose F a C F T . Let A T be such that A r + F T are all regular dominant weights. There 
is a projection W(X t ,t) — > W(X T ,a) which maps G r — > G a and using lemma 2.7, equation (4) and the 
fact that T T — >■ T a is an open immersion we conclude the same for G T — > G a . If we have o\ D t C gi 
then wc get open immersions 



G n 



fi /a, 7=< 

(_r T > Lr a 



which we glue along. Now let us prove 

Lemma 2.6. The maps <pf. im/i ^ im/2 given by (f>f(fi(p)) — f2(p) satisfy the co-cycle condition 

Proof. Let a\, <J2, 0-3 be cones in Sq and set t\ — a\ n (72, t 2 = cr 2 n (73, r 3 = 03 n o - ! and p = a\ n (7 2 n (73. 
We can form the following pull back diagram 



G T r, X , 



G T 



G T 



■ G T 



G n 



Roughly, Gi j2 3 := G T3 G Tl should be thought of as the image of "G CTl nG„ 2 nG ff3 — > G CTl . Similarly 
we have spaces G 2i i 3 := G Tl Xg^ G T2 and G 3i i 2 := 
condition amounts to isomorphisms 



G T2 G T3 . It is routine to see that the co-cycle 



and the following diagram commuting. 




(6) 



Because we are dealing with toroidal embeddings both of these claims reduce to the torus for which it 
is obvious. To illustrate, if p £ Gi j2 3 then we can write p — (pi,p 2 ) where both points map to the same 
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point q <E G ai . After translating by an element of G x G we can assume q G T ai and similarly for the pi 
thus p represents a point in T T3 T Tl =T p . □ 

Lemma 2.7. t/ie notation of (5), we /icwe p o : 1 (Xo) = U~ xT a xU and the closure of the torus in 
T C G a is given by the fan whose cones are wo for w e W and their faces. 

Proof. The restriction of p a : G a — > X = G a( i to G is just the projection G — > G a d- As do not intersect 
the center of G we have ^({J 1 *") = U ± . From the equivariance of p a and from A = U~ x T x U we 
have 

_p- 1 (A ) = [/-xp- 1 (To)x;7 
So we are reduced to showing p~ 1 (T ) = T CT . Let /Ui, . . . , be generators for cr v . The toric variety in 
question is the closure of the image of T in P[A, A + /Xj]; we can depict the image as: 



A(t) 



AM 

«iM 



AM 
a 2 (t) 



A(*)/il(*) 



AMjfiM 

ai(t) 



aMmiM 

a 2 (t) 



A(i)Mm(t) 



A(t)^ m (t) 

"iM 



AMj^mM 

<* 2 (t) 



The primage of T consists of those points where A(i) 7^ 0. This is: 

A*i(*) 



miM 

ai(i) 



MiM 
a 2 (t) 



MmM 

aiM 



a 2 (t) 



Let a^/ denote the negative Weyl chamber in Vr- Recall we require a C so all — a* € er^, C cr v . It fol- 
lows that all the diagonal entires are polynomials in/zi, . . . , /z m so the projection to Spec k[/j,i(t), . . . , /i m (i)] 
T CT is an isomorphism. The last statement of the proposition follows because T a =p~ 1 (T ad ) and 

T a d = (J wT ad . a w- 1 . 

wew 

This in turn follows from the G x G equivariance of the compactification G a d which gives W x W 
equivariance of T ad . □ 

2.2. The Construction. In general the fans £ that arise for reductive groups produce singular toric 
varieties and hence singular G-embcddings. However these toric varieties are always smooth as stacks. 
Here we describe a modification of the above construction that produces a smooth stack. We briefly 
recall the basic theory of toric stacks and then incorporate them into the above construction. 

2.3. Preliminaries on Toric Stacks. Following [13], we define toric stacks as [Y(T,)/Z] where Y(E) 
is a normal toric variety with associated fan £ and Z is a subgroup of the torus Ts C Y(£). The stack 
[Y(S)/Z] contains the torus T = T^/Z as a dense open subscheme. Just as in the theory of toric varieties, 
toric stacks are encoded by combinatorial data called stacky fans. A stacky fan is a pair (£,/3: L — > N) 
where L, N are lattices, £ is a fan in L ® R, and (3 is a homorphism of finite index. 

The equivalence between toric stacks and stacky fans is given as follows. Given [Y(£)/Z] we get a 
surjection T% — > T which induces a map (3 : Vr s —¥ Vr- Thus we get the stacky fan 

(£,/3: V Ts -+ V T ). 

Starting from (£,/?: N — > L) we note that the hypothesis on (3 implies that the dual morphism 

(3* : hom(L, Z) = L* -> N* = hom(A, Z) 

is injective. Consider the tori Ts := hom(A*,C x ) and T := hom(L* 
surjection 

hom(/3*,C x ) 



: ). Dualizing [3* we get a 



-> Z(p) -> T s 
and thus we get the toric stack [Y"(£)/Z(/3)]. 



-> T -)• 
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Here is how toric stacks appear in our situation. Recall the notation G,T,a\, . . . ,a r from section 2. 
The Weyl chamber: 

C = {«e V T ®R\ai{v) >0} 

is a fundamental domain for the action of the Weyl group on Vr <B> K and defines a rationally smooth fan. 
Let ui, . . . ,u r be generators of the rays of the fan C. We get a homomorphism of lattices 

and let c be the standard cone generated by the coordinate rays in Z r <g> R giving rise to the toric 
variety A r . We have that /3(c) generates the fan associated to the Weyl chamber. Consequently we 
get a smooth toric stack [A r /Z{(3)} associated to the stacky fan (c, (i) whose coarse moduli space is the 
toric variety associated to the Weyl chamber in Vr ® K- For general toric stacks the subgroup Z((3) 
is arbitrary but in the present situation Z(J3) is always finite. In what follows we use the isomorphism 
[A r /Z{/3)} = [(A r x T)/(C x ) r ] where (C x ) r acts diagonally on the product. 

2.4. Stacky toroidal G-embeddings. Consider the reductive group H = G x (C x ) r where G is semi 
simple. The Weyl chamber of H is C © IT where C is the Weyl chamber of G. Consider the cone 
c = N r = (0, W) C — C © Z r ; it is a cone with support in the negative Weyl chamber. The dual cone c v 
is generated by the fundamental weights ±Wi and where : (C x ) r — > C x is the ith projection. By 2.5 
we get an if-embedding 

H c cP[A,A±Wi,A + ei] 
From the stacky fan (c, /?) of the previous section we get a surjection 

0^ Z(/3) ^ (C x ) r AT^O, 

thus we have a homomorphism 

7> := (C x ) r ^> T x (C x ) r C H. 

The compactifcation i/ c carries an action of H x H so we get an action of TJg x Tg. Identify Tg with 
1> x 1>/A(7». 

Definition 2.8. The stacky wonderful compactification of G is 

X = G := [ff c /3>] 
Over the open cell in H c this stack quotient is 

[({/- x T x A r x t/)/7>] SZJ- x [(T x A")/l>] x U 

=U- x [A r /Z] xU =: X . 

Again, we call it the open cell of X. The construction of the embedding H c and thus X depend on a 
choice of a regular dominant weight A but just as in the case of the wonderful compactification different 
choices of A give isomorphic objects. Let us prove the following theorem 

Theorem 2.9. Let G be a semi simple group and X as in definition 2.8. Then: 

(a) X is smooth and proper. 

(b) X — X n is of pure codimension 1 and we have an exact sequence 

-> Z r -> Pic{X) -> Z{G) -> 

where the subgroup U is generated by the irreducible components of X — Xq . 

(c) TTie boundary X — G consists of r divisors D\, . . . ,D r with simple normal crossings and the 
closure of the G x G-orbits are in bijective correspondence with subsets I C [l,r] in such a way 
that to I we associate flig/Dj. 

(d) Let ui, . . . , u r be generators of the rays of the Weyl chamber and M be the monoid they generate. 
Any G equivariant X' — >• X determines and is determined by a fan supported in the negative Weyl 
chamber whose lattice points lie in M. 
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Proof. The open cell is smooth and covers X. Further X is finite over the projective scheme G a d hence 
(a). For (b) we use that Pic(X) — Cl(X c ); this is shown in remark 3.4 of [14], where X c is the coarse 
moduli space for X. Working in X c we see that as X c ^ = U~ x T c x U is affine the complement is pure 
codimension 1 and we have an exact sequence 

If -+ Cl(X c ) -> Cl{X cfl ) = Cl{T c ) 

the map Z r — > Cl(X c ) is injective because it can be identified with the image of Pic(G a d) — 1 r under 
pull back by X c — > G a d and one can choose ample generators € Pic(G a d) that pulls back to an ample 
line bundles. Now Cl(T c ) can be computed algorithmically as 

Z r = A T ^> Z r = Div T (T c ) -> Cl(T c ) 

where Dwt(T c ) is the subgroup of T-invariant Weil divisors and is generated by the rays of the fan 
C of T c , which is just the Weyl chamber. The map m a character \ ^ X^Dect 1 ) (X> D) • D. In a suitable 
bases m is the Cartan matrix of q and consequently the cockerel of m is isomorphic to the weight lattice 
modulo the root lattice which is just Z(G) when G is connected and simply connected. Altogether this 
gives (b). 

For (c) it follows similarly as for G a( i by reducing to the torus T . We can present T as [A r /Z] where 
Z is a finite group so the result follows by observing that it holds for the atlas A r . 

To prove (d) we first note that any equivariant map determines a map X' {) — > Xq and consequently 
determines a map of torics stacks Y(Y,',(3') — > [A r /Z]. By [13, 3.4] this corresponds to a diagram 

E' >E 



V Ts , Vi 



V T > >■ V T 

Note that im j3 — M. This gives one direction. Conversely if we are given a fan whose lattice points lie 
in M then we can lift this data to a diagram as above; That is if F is our starting fan then there is a 

torus Txy and a map Vr^, Vt and a fan E' such that /3'(E') = F. Now apply proposition 2.5 to the 
fan (0, E') for the group H' = G x T S / . This admits a morphism to H c which descends to give a map to 
X. □ 

Remark 3. In general the generators of M don't generate all the lattice points of the Weyl chamber thus 
there are fans supported in the negative Weyl chamber which don't yield maps to X; one can simply take 
the fan that is the negative Weyl chamber with all its lattice points. This corresponds to the canonical 
embedding X can of the group G and it does not admit a map to X unless X = X can . 

Remark 4. As noted in the introduction, this result has already been proved by Martens and Thaddeus 
in [23]. For parts (a),(d) see specifically [23, 4.2,6.4]. Part (c) seems implicit in the treatment given in 
[23] but part (b) seems to have been missed. Martens and Thaddeus give an alternative construction 
using the Vinberg construction mentioned in section 2. In [32], Vinbcrg shows there is morphism from 
5° — > Cone(H c ) where Cone{H c ) is the affine cone of H c and S° is explained in remark 2. This 
morphism descends and induces an equivariant morphism from Thaddeus and Martens' compactification 
[5 , °/(C x ) n ] — > X. It is an isomorphism over the open cell and consequently an isomorphism everywhere. 
Alternatively one can also see the equivalence between the Vinberg construction and given construction 
using universal torsors; this is explained in [5, 3.2.4]. 

Remark 5. In general Pic(X) represents a nontrivial class in Ext 1 (Z(G),'Z r ) = Z r /Z(G)Z r . The group 
Z(G) is cyclic except in the case when G is of type B n with n even, in which case Z(G) = Z/2 x Z/2. In 
any case one can compute the class of Pic(X) in Ext 1 (Z(G) 7 Z r ) by taking Weil divisors D associated 
to generators of Z(G) then taking the appropriate multiple mD so that mD is Cartier. Then mD is 
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represented by a class in Z r and the class of mD under the composition 17 — > Ext 1 (Z(G),Z r ) gives the 
class of Pic(X). 

Remark 6. Of course this stacky construction extends to a general reductive group over C. But one thing 
that changes is that for a general reductive group the Weyl chamber is not a strongly convex rational 
polyhedral fan. That is, there is not a toric variety associated to the Weyl chamber; this happens for 
GL n . Thus to get embedding of such groups we must further subdivide the Weyl chamber. 



Kausz does this for GLn as follows. Let 4>: GLn — > PGL^+i be given by composing g 



9 

(detg)- 1 



with the natural map SLn+i —> PGLn+i- This induces a map Tql n to Tpgl n+1 and an induced map 
on co-character <f>* : V GLn — > V^ GLn+1 . Let E be the fan associated to the Weyl chamber decomposition 
for PGLn+i and E' the pull back of £ under the map induced by Then Kausz compactification is 
the one associated to E' via proposition 2.5. Certainly there are other possibilities. 

3. Extension to Loop groups 

We now extend the results of section 2.2 to loop groups. In this section we recall some standard results 
on loop groups and their representations. 

As mentioned in the introduction there is both the algebraic loop group and the smooth loop group. 
In this section we focus on the algebraic loop group. To a large extend the statements we prove also hold 
for the smooth loop group. We remark along the way what modifications, if any, are necessary to get 
a statement for the smooth loop group. When we apply these results to studying the moduli stack of 
bundles on curves we will be more explicit about the distinction between LG and L sm G. 

Let G be a connected simple algebraic group over C with n\(G) = 1. The loop group LG is the functor 
from C-algebras to groups given by 

R i— > LG(R) := G(R((z))) := G(SpecR((z))) 

The functor LG is represented by an ind-scheme of infinite type; see [9]. Much like a reductive group has 
standard subgroups (T,B ± ,U ± ,.. etc) the loop group has loop analogues of these subgroups and others 
as well. Below are the groups we most frequently utilize 

L + G(R) =G(R[[z\\) positive loop group 

L~G(R) =G(R[z~ 1 ]) negative loop group 

B ± ={7 € L ± G\j e B ± mod ± z} loop analogue of B ± 

U*- ={7 € L ± G\j e U ± mod ± z} loop analogue of U ± 

L K G=C X k LG 

LG Central Extension of LG 

G aff =C X k LG affine Kac-Moody group of G 

In the sequel when referring to the positive versions we simply write B and U. The action of u € C x on 
LG that defines the semidirect product in L K G is 

jspeci2((*)) -> g| ^> |s P eci?((z)) Speci?((z)). -> g| 

The notation L K G is not standard. When we need to differentiate between the C x in L K G and the C x 
defining the central extension we will denote the latter by C x : 

-> C x -> LG -> LG -> 

This central extension will play an important role when we discuss line bundles on the embedding we 
define. However we will not discuss the full group structure of G a ^ as it does not enter into our 
construction; for more details see e.g. [20, chap. 13]. When H is a subgroup of LG we write H for the 
restriction of the central extension to H. Similarly, for any subgroup H C LG we denote by H K the 
semi-direct product C x k H. We also do this for subgroups of G even though the conjugation action on 
G is trivial; for example we write the maximal torus of L K G as T K = C x x T. 
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We make extensive use of the refined Birkoff factorization [20, pg.142] 

LG = [_\ U--W-B 

w£W a ff 

L K G = \J U--wB K ^ 
G aff = \J U--w- B aff 

w£W a ff 

where W a ^ — W x Vr is the affine Weyl group; here W is the Weyl group of G. 

All of this notation has a counterpart for the smooth loop group L sm G = C°°(S 1 , G(C)); it is simply 
a matter of specifying what arc positive and and negative loops. For example if we identify S 1 with 
{\z\ = 1} C C then L + G = boundary values of holomorphic maps {\z\ < 1} — > G and L~G is the 
subgroup of boundary values of holomorphic maps {\z\ > 1} — »■ G. A reference for the smooth version of 
(7) is [26, 8.7.3a]. 

3.1. Representation Theory of G a ** . Let r be the rank of G and a\, . . . , a r be the simple roots of G. 
The maximal torus of G a ^ is T K x C c and characters are denoted as (n, fi, I) € Z © At © Z. The simple 
affine roots of G a ^ are (0, ct\, 0), . . . , (0, a r , 0), a = (1, —9, 0) where 9 is the longest root of G. By abuse 
of notation we denote (0, cti, 0) simply by Qj so the roots of G a *f are ao, . . . , a r . Let ui r , . . . ,ui r be the 
fundamental weights of G. The fundamental weights of G a ^ are Q — (0, 0, 1), Cb\ = (0, oji, 1) . . . , ui r = 
(0,LJ r , 1). We also have the dual fundamental weights — uif, they generate the anti-dominant weights. In 
the smooth loop group setting it is convention to consider lowest weight representation which are better 
known as positive energy representations. Because (1) uses both a representation and its dual we make 
use of both highest weigh representations and positive energy representations. 
The Lie algebra of G a ^ (C) is, as a vector space, 

g aff = C®g[z ± ]®C c 

Thus the roots of G a ^ are (k, a, 0) where a is a root of G. For k ^ a = is allowed so in general the 
weight spaces are not 1 dimensional as dim fl(fe^o.o,o) = dimt; these are the imaginary roots of C © Lq. 
The roots are linear forms on R © t. Traditionally they are identified with affine linear forms on t by 
identifying the Lie algebra with 1 © t. 

For a we can define affine hyperplane in t via 

H k , a = {( € t\a(C) = -k} 
The complement of all the -fffc jCe is known as the Weyl alcove decomposition of t 

Proposition 3.1. Let A = (0, A, h) be a regular dominant weight. There exists a representation V = V(X) 
of G a M with the following properties 

(a) // fi is any other wight of L then A — jl is a sum of positive roots. 

(b) A — ojj is a weight of V for all i. 

(c) The stabilizer of the weight space in PV is B a ''. 

(d) The morphism G a ^ jB aii — LG /B — > P(L) given by jB i-> jL^ is infective and gives LG jB the 
structure of a projective ind scheme; in particular LG jB is closed in P(L). 

(e) The action ofG aff on F(L) factors through a faithful action of G aff / Z(G aff ) = L K G/Z(G). 

Proof. The existence claim is contained in [20, 13.2.8]. 

(a) [20, 1.3.22]. 

(b) This follows form [20, 1.3.22] and the representation theory of SL 2 . Namely, for each simple root, 
consider the reflection Sj(A). It is of the form A — non for n > 1 and all the weights A — ma for 
< m < n are weights of the representation. 

(c) [20, 7.1.2] 

(d) [20, Ch.7.1] 
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(e) [20, 13.2.8]. More specifically we have the following commutative diagram 

G aff > GL(V) 

Y Y 

L K G/Z(G) ^PGL(V) 

where ip is a surjective group homomorphism and kerip = Z{G a ^). 

□ 

Remark 7. The statements (a) - (c) and (f) for L sm G are proved in [26, ch.8,9,11]. The first half of (d) 
also holds [26, 8.7.6] but there is no ind-statement to make about the flag varieties of the smooth loop 
group; they are infinite dimensional complex projective algebraic varieties. 

Remark 8. The dual U* of a highest weight representation U is fl^ hom(J7 AJ , C); it is the completion of 
the restricted dual U* es :— © hom(J7 M , C). The smooth loop group acts on U* but in fact in this case there 
is a way to give this representation a unitary structure and complete U* es with respect to the associated 
norm to produce an intermediate vector space U* es C U pos C U*. The representation U pos is called a 
positive energy representation of L sm K or L sm G. We primarily work with U and U* . 

The defining characteristic of all these representations are that the C x -action (in the semi direct 
product) is bounded either above or below and in addition all the weight spaces are finite dimensional. 
An example is discussed in more detail in section 4. 

Statements (a), (6), (c), (e) still hold for LG acting on U* . Again, statement (d) is different because 
LG/B~ does not have the structure of a finite type ind variety. In fact LG/B~ is a scheme of infinite 
type. It is a closed subscheme of PU* by lemma 3.2 and it has a cover by affine schemes isomorphic to U; 
this can be seen from the Birkhoff decomposition (7). Statement (d) would not be true for the formal loop 
group if we worked with the restricted dual U* es :— M hom(J7 M ,C) because for v £ U* es and 7 € G((z)) 
wc in general have j.v G U* — U* es . If we work with the polynomial loop group L poly G(R) = G(R[t ± ]) 
the proposition 3.1 holds equally well for both U, U* es . 

Now we prove the appropriate analogue of lemma 2.4. Note that in this infinite dimensional setup clo- 
sure is more subtle. For example consider the map C x —>•£/ = IlneN ^ 8'i vcn by t M> (1, t, t^ 1 ,t 2 ,t~ 2 , . . . ). 
Then the limit as t 1-> does not exist in PU. In light of this we understand Y C PU to be closed if the 
inclusion Y — > PU satisfies the existence part of the valuative criterion for properness. Colloquially Y is 
closed if any limit point of Y that exists in PU belongs to Y. 

Lemma 3.2. Let G be a Kac-Moody group and let V a highest weight representation of G. The orbit 
of a highest weight is the only closed orbit in PV. The orbit of a lowest weight vector is the only closed 
orbit in PV; es ,PV*. 

Proof. First some notation. For each root a we get a root subgroup G a = U a C G. By U a (b) we 
denote the group element exp(6 ■ X a ) where b 6 C. The representation V is in particular an integrable 
representation of Q a ^ thus X a , for a positive, acts locally nilpotently on V. Thus for any v the vector 
U a (b).v is a polynomial function of b; that is it has bounded exponents of b so the limit b i-> exists in 
PU as well as the limit b 00; we write the latter as the limit b of U a (l/b).v. 

Suppose the orbit of v is closed in PV. Then for any 1-parameter subgroup G a — > G we have the 
closure G a .v is also in the orbit of v. Write v as a sum of weight vectors 

i 

Let A be the highest weight of V. Thinking of V as a quotient of a Vcrma module, we can think of each 
weight vector as Y ai ■ ■ ■ Y aim ® 1\ where the are not necessarily distinct; here we write Y a for A_ Q . 

Now look at the limit of b of U ai (l/b).v. Call the resulting point V\ € PV. Note Vi is necessarily 
a sum of weight vectors Y aii ■ ■ ■ Y a . m ® 1\ where no has a\ in its support; that is no on j = ct\ + on., . 
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For if this was not the case then the Lie algebra action of X ai .v\ ^ so U ai acts non trivially on v\. 
However, 

U ai (b).vi = U ai (b). lim U ai (l/a).v = lim U ai (b/a).v — lim U ai (l/a).v = v\. 

a— >0 a— >0 a— >0 

Repeating this process with a 2 we get a vector vi t 2 which is a sum of weight vectors with no oi{. having 
a 2 in its support. Also note that the action of U a2 (b) preserves the property that no has a.\ in its 
support. Continuing we get a vector v\^,...,r which must necessarily be the class of the highest weight 
vector in PV. 

The same argument goes through for U* and U* es . All that changes for U* is the sum (8) is now 
potentially infinite but we can correct this by replacing v with lim SH ^ T)(s).v for a generic n e Vr« • In 
this case r\ acts nontrivially on the v^ and v' = lim SH ^o r)(s).v is supported in the weight spaces such 
that \x minimizes the function \ ^ (XiV)- This function is a quadratic function on a lattice so there are 
only finitely many (i that minimize it; see section 4 for more details. Therefor we have reduced to case 
that the sum in (8) is finite. 

We have shown if there is a closed orbit it must be that of a highest weight. Let us show this is indeed 
closed. Let Y be the closure in PC/ of the orbit of a highest weight vector v. Suppose [w] G Y — G.[v); as 
Y — G.[v] is G-stable and closed. On the other hand, using the method above, we can find a sequence of 
vectors w — w\ , . . . , w r = v such that 

Wi + \ G G.Wi c G.v — G.v. 

In particular v — w r C G.v — G.v which is clearly a contradiction. □ 

Remark 9. This result relies only on the representation theory of LG and it holds for L sm G acting on 
U pos . 

3.2. The Wonderful Construction. Let G be a connected, simply connected, simple algebraic group 
over C or rank r. Fix now a regular dominant weight A for the affine form G a ^ = L K G of G and a 
representation V = V(X). We have an action of G aii x G aii on V®V* :— v hom(V^, V v ) given by 
{li->l2)-4> — "f\0(j)o j^ 1 ■ Just as in section 2 we define 

X af f := G a ff x G a ff.[id] C P[A] := ¥V®V* (9) 

It follows from (c) of proposition 3.1 that the stabilizer of the identity is Z{G a ^) ■ A(G a ^) and so X 
contains G a ^ jZ(G a ^) = L K G/Z{G) as a dense open subset. X a ^ is an ind scheme but we postpone 
showing this until the next section. 

The goal now is to prove 3.7 which is the analogue of 2.1 for the loop group. As in section 2 we define 
the spaces 

P - K ® «S * 0} x a " = x°ft n p t^; = if d n p 

Let us note that lemma 3.2 give us 

X aff = G aff x G aff X af f . (10) 

see (4) and the explanation below it. 

Remark 10. The following results (3.3 to 3.6) are proved for the algebraic loop group but they make sense 
are are true for the smooth loop group. This is because they depend only on the geometry of T, G, the 
Birkhoff factorization (7) and the Lie algebra action of the root spaces on a representation which which 
are the same for both groups. 

The same proof as in lemma 2.7 gives 

Proposition 3.3. T* d = C{t~ a ° , . . . , t~ ai ] = A ,+1 . In particular T^ d is smooth and its fan is given by 
the negative Weyl alcove; the fan T^ d is given by the Weyl aclove decomposition of 1® Vr ad <8> M. 



Proof. We just need the second statement; this follows because the negative Weyl alcove is a fundamental 
domain for the action of the affine Weyl group on 1 © Vr ad ®E. □ 
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We focus now on analyzing the U xU action on X . Let v = e V and v* E V* the dual vector. 
Define P„ := {v ^ 0} C PV and P„. = {v* ^ 0} C VV*. The proofs of lemma 3.4 and proposition 3.5 
are adapted from [6, 6.1.7]; the extension for the loop group essentially requires replacing the Bruhat 
decomposition of a reductive group with the Birkhoff factorization of LG. 

Lemma 3.4. LG.v n P„ = U~ .v and LG.v* n P v * = U.v* . In particular X Q is U x U~ stable. 

Proof. Let 7r: V — > C • v be the projection. Let f n (g) = ir(g.v). We have f n (g) = if and only if 
g.v n P„ = 0. By the Birkhoff decomposition any g = U-.w.b with u_ € U~ , w € W a ^ and b E B. It 
follows that /^(.g) = if and only if f„(u-.w) = 0. If v' = w M + 5Z„ <fJ v v an d M *= then u.v^ still has 
nonzero projection to and all other weights are still less than fi. Consequently f^{u-.w) ^ if and 
only if f n (w) ^ if and only if w = 1. Therefore 

LG.D np„=r6.«np„=r.!i^r. 

The second equality follows because the stabilizer of [w] in is B. The same argument works with LG 
acting on V * . □ 

Remark 11. Of course we can also replace LG with L K G or G a -^. 
Proposition 3.5. T/iere is anU x W~ equivariant isomorphism 

(/, u, t) I ■ t ■ u 

Proof. First note that the restriction to i/~ xU x T" d is just the multiplication map and this is known 
to be open by the Birkhoff decomposition; consequently the morphism is birational. The next step is to 
construct a U x U~ -equivariant map Xq^ — > U x U~ . 

Let <f> E X then thinking of (f> as an endomorphism defined away from ker <j> we see that 4>{v) is defined 
and is in P„. On the other hand <f>(v) is in the closure of the orbit of the highest weight, but this orbit is 
closed by lemma 3.2 hence <p(v) <G L K G.v. So by the previous lemma <j>(v) — l.v for a unique I. We get a 
map Xq^ — > U~ via ^ Z. Similarly we can get a map Xq^ — » W. Altogether we have a map 

X o// Ku~ xU 

The composition U~ xUx T* d -> -> W~ x W is given by (Z, i, u) i-> (Z, u). 

To finish we show W~ xW" x Z> _1 (1, 1) A I °^ is bijective and Z> _1 (1, 1) =T K adM . For injectivity note 
that as 6 _1 (1, 1) is a subset of Xq^ it suffices to show that if a(Z, Z, u) = a(Z', t', u') = x then u = u' ,1 = I'. 
This follows 

(Z, u) = b o a(Z, Z, m) = b(x) = b o a(Z', Z', u') = (Z', u'). 

Now surjectivity. Let e and (Z,u) = b(<p). Then Z := (Z _1 ,m _1 ).0 e 6 _1 (1, 1), hence (l,t,u) does 

the job. 

It remains to show 6 —1 (1, 1) = T* dQ . Clearly we have D as b^ 1 is closed and contains T^ d and as 
a is birartional it follows that they have the same dimension. Now tto(LG) — tt\(G) = 0. Further, 
the map G — > G/Z(G) —: G ac i induces a map LG — > LG a d\ the image is the connected component of 
the identity, in particular it is irreducible. It follows that X a ^ and are irreducible hence so is 

XI s S jU x U~ = Zr^l, 1). Thus it must equal T* d Q □ 

The next result is known in the finite dimensional case; for example a similar result appears in [32]. 
The boundary of X a ^ is L K G x L K G stable and so breaks up into a disjoint union of L K G x L K G orbits. 
Also these L K G x L K G orbits all intersect Xq. The standard idempotents ej = ^2 ieI e, € T^ d for 
/ C {1, . . . ,r + 1} lie in distinct L K G x L K G orbits and as these are representatives for the T K x T K 
orbits in it follows that X a ff - L K G/Z(G) = U/ C [i,r] L *Gx L K G / Stab(ej). 

To compute Stab(ei) we need to recall some facts about parabolic subgroups. For each subset of 
/ C {ai, . . . , a r } of the simple roots we have a standard parabolic Lie subalgebra. Specifically, if A is 
the set of roots of 0, then we have a parabolic Lie algebra pi C Q generated by ©ig/Za^ n A and A + and 
this integrates to a standard parabolic subgroup Pj. 
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Proposition 3.6. For J C [l,r + 1] let P r be the associated opposite parabolics with standard Levi 
decomposition Pj = Lj ■ Jjf. Set S(J) = {(gi,g 2 ) € Pj x PJ : gi| Lj = g 2 \L.,} = A(Lj) x (C/J x C/j). 
j4Zso define a group ker(J) = n^jkeraj and T(J) := ker(J) x ker(J). Then 

Stab(ej) =T(J) • S(J) 

X — L*G/Z(G) = [_\ L K G x L k G/T(J) ■ S(J) 

JC[1J] 

Proof. That T( J) is in the stabilizer follows from the description of To given in the proof lemma 2.7. So 
let us focus on the group S(J). 

The group L K G x L K G and in particular the standard parabolic subgroups are generated by the root 
subgroups U(a) = G a which it contains. So to check S(J) is in the stabilzer it suffices to check it for 
the root subgroups it contains. These break up into two cases. Roots subgroups of the form (U(a), 1) 
or (l,U(a)) and those of the form A(U(a)). In simplified context one can consider the stabilizer of a 
matrix 

" In " 



in GL(V) x GL(V). One easily checks the stabilizer are pairs of block matrices and the two cases above 
correspond to elements in the stabilizer 



" I 


B ' 







I 


7 



/ 
C I 



A 





' A 





( 





D 



First let us check (U(a), 1) is in Stab(ej). As a £ Lie(Lj) we have that a = on + a' for some 
i £ J. It suffices to check that X a .e.j — 0. Recall e.j is an idempotent of End(V(X)) and we can express 
ej = ej <£) e* where j ranges over some subset of the weights of the representation. Therefore to 
show X a .ej = it suffices to show X a .v.j — where vj — J2j e j- Assuming the contrary X a .vj ^ 
implies X a .ej ^ for some j. The weight j has the property that A — j £ J2i£j n i a i wrt h n i > 0- But if 
e M := X a .ej is not zero then it is a weight vector of weight /i = a + j. But then A — fi fails to be a sum 
of positive roots, contradiction. 

Now if a = ^2j £ jnjaj then X a ,Y a both preserve the vector space spanned by ej where again we 
write Vj — J2j e j ■ Thus we can restrict to this subrepresentation and we are reduced to computing the 
stabilzer of the identity in a representation. In particular we conclude that all {U(a), U(a)) are in the 
stabilizer. 

This shows that T(J)S(J) is contained in the stabilzer, and for codimcnsional reasons there can't be a 
higher dimensional group that stabilizes ej. As L K G is connected, there can't be other components. □ 

Theorem 3.7. Let X a ^ = G a ff/Z(G a ff ) be as in (9). Then 

(a) X a M is independent of A. 

(b) X a ff - A a// is of pure codimension 1 . It is a union of r + 1 divisors that generate the Picard 
group. 

(c) The boundary X a ^ - L K G/Z(G) consists of r + 1 normal crossing divisors D\ , . . . , D r and the 
closure of the G a *f x G a ^ -orbits are in bijective correspondence with subsets Id [l,r + 1] in 
such a way that to I we associate rijgjDj. 

(d) Any G equivariant X' — > X a ^ determine and is determined by a weyl equivariant morphism of 
toric varieties T — > T* d Q . 

Proof. The proof of (a) is the same as 2.1(a). For (b) we use [25, 2.4] which states that the complement 
of a dense open subset in any scheme is of pure codimension one. To apply it we utilize the ind scheme 
structure on X a ^ given in proposition 4.2. Namely we have ind-scheme structures 

x a ff — l i x a ff x a ff — I i x a ff 
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and for every n X^J is a dense affine scheme in hence X*H — X^/J gives a sequence of compatible 

divisors and shows that X aif — Xq^ itself is pure codimension 1. 

Alternatively, any point p € X a ^ — L K G/Z{G) can be expressed as gi.rj{Q).g 2 with £ L K G and r\ 
is a co-character in the Weyl alcove. For s/Owe have g\.f]{s) .gi lies in the same Birkhoff coset U~wB. 
Clearly p e iFvJE. Now X a " - Xf f is the closure of L K G/Z{G) —U^T^JJ. From [20, 7.1.21] and 
using the Birkhoff factorization we conclude 

r 

L«G/Z(G)-U-T%4=\jD i 

i=0 

where i is a divisor associated to the simple reflection Sj € W a ^ : 

Di = U-SiB = |J W~ ufi 

f >Si 

A precise description of order > is in [20, 1.3.15]; all we need is that for w — Si we have v > Si if and 
only if appears in a reduced expression for v. It follows that 

r 

X aff _ X aff = (J W _ (n) 

is of pure codimension 1. That the Di are Cartier and generate the Picard group is proved in the next 
subsection in proposition 3.11. 

For (c) we note that any G a ^ x G a ^ -orbit intersects T* d along a unique T* d x T^-orbit. This follows 
from the description of the stabilizers given in proposition 3.6 and the fact that the standard parabolic 
subgroups in a Tits system are not conjugate [16, 30.1]. Therefore we can reduce the statement to the 
torus for which it is obvious. 

The same argument for 2.1(d) works for (d) with one minor adjustment. In the finite dimensional 
case we utilized regular dominant representation with no further qualification. In the loop group setting, 
when working with multiple regular dominant representations, we must be sure that they are all of the 
same level. That is the central C x acts by the same character on all the representations. Representations 
(0, A, I) of level I are characterized by A(6* v ) < I; here 9 V is the co-root associated to the longest root 9 of 
G. It follows for any finite set Ai, A m of regular dominant weights there is a fixed I such that (0, Aj, I) 
are all regular dominant. □ 



Remark 12. Proofs for (a),(c),(d) hold for the smooth loop group L sm G without further comment. 
Statement (b) is true for the loop group but as L sm G is not an ind object the argument is different. 
Equation (11) and the argument before it holds for L sm G and we can finish the proof of statement 
(b) without proposition 3.11. Comparing with the proof of part (c) of 2.1 it is just necessary to show 
Pic(Xq^) = 0. Given 3.5 and the fact that for the smooth loop group we have an abstract isomorphism 
U = U~ , the previous assertion reduces to Pic(U) = H (U,0*) = 0. This follows from a standard 
argument that asserts line bundles on U are topological together with the result [26, 8.7.4 (ii)] which 
asserts that U is contractible. To show line bundles are topological let O cts ,0* ts represent the sheaf 
of continuous and non vanishing continuous functions on U. Then we have a commutative diagram 
(suppressing the mention of U) 

H l {0) > H l (0*) > H 2 (Z) > H 2 {0) 

H\O cts ) HHO* cts ) ff 2 (Z) H\O cts ) 

The vanishing of H l (O cts ) for i > 1 follows because U is paracompact and the vanishing of H l (0) for 
i > 1 is proved in [22, 1.1]. Altogether we have H^O*) = H 1 {€>%„) as required. 
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Let us now address the issue of completeness. First let T be the fan of the closure of T K in X a ^ and 
let t] € F be a co-character. Certainly any map C((s)) L K G/Z{G) which factors as 

m = hi ■ 7](s) ■ h 2 hie L"G/Z(G)[[s\] (12) 

extends to a map C[[s]] — > X a ^ . In the finite dimensional case all maps C((s)) — > G admit such a 
factorization; that is we have the Iwahori decomposition: G((s)) = G[[s]]T((s))G[[s]]. But this does 
not hold for the loop group. One way to see this is by choosing a faithful irreducible representation 
G C SL(W) and then one can identify elements of LG((s)) with expressions 

oo 

7(7) = a J zJ a J e End{W) <g> C((*)) S C((s)) (dimM/)2 . (13) 
j=-fc 

In other words we can identify them with matrices with entries in the field R = C((s))((z)) of Laurent 
series in z with coefficients in C((s)). Then consider a root subg roup G a — U a G G. It follows that an 
arbitrary element of G a (R) = R is an element of LG((s)). But such an element gives an expression (13) 
which in general has unbounded poles of s whereas any expression coming from an element of form (12) 
has bounded poles of s. 

So we do not have a completeness statement stronger than the one that holds for expression (12). 
Whether there are elements of L K G / Z(G)((s)) that are not of the form (12) that nevertheless extend 
to a map C[[s]] — > X a ^ is a subtle question. For the smooth loop group we replace C((s)) with the 
punctured disc {\z\ < 1} — 0. Again it seems likely that only maps from the punctured disc into X aii 
that extend are those of the form (12). However one point worth mentioning is that if instead of L K G((s)) 
one looks at (Gfz 1 *"]) [s ± ]; that is, polynomial loops in the polynomial loop group then there is a type of 
Iwahori decomposition; see [4]. 

For the application to bundles on curves we will need a completeness statement and for that we need 
a "smaller" version of X a ^ . To explain "smaller" note one difference between G((z)) and say G is that 
it has two different types of flag varieties. There are thin ones coming from positive parabolic subgroups, 
e.g. G((2))/G[[z]]; these are projective ind-schemes of finite type. Then there are thick flag varieties, e.g. 
G((z))/G[z -1 ]; these are infinite type schemes and are not proper. From proposition 3.6 we see that each 
component of the boundary of X a ^ fibers over a product of a thick and a thin flag variety with fiber 
generically a finite dimensional reductive group. We would like a version of X a ^ where the boundary 
components fiber over the product of two thin flag varieties. 

To accompish this we must look at homogeneous spaces for 

G K ((0" 1 )) x G K ((z)) := C x k G^z- 1 )) x C x x G((z)). 

Specifically consider the group A = {(71 (z" 1 ), 72(2)) G G K ((z" 1 )) x G K {{z))\ 71 (z) = 72(2)}. Then 
the quotient G K ((z^ 1 )) x G K ((z))/A is isomorphic to both G K ((z" 1 )) and G K ((z)). To construct the 
embedding we must modify the previous construction of looking at the orbit of the identity because 
although G K ((z -1 )) acts on the representations we have constructed ( j(z) — > ^(z' 1 ) is essentially a 
transpose operation ) the stabilizer of the identity is not A. Instead we look at G K ((z -1 )) x G K ((z)) 
acting on W := V(\) ® V(X) where (71,72) acts by <fi 7 1 .0.7 2 ~ 1 and 71, 72" 1 are given by the following 
operators 

71 (z) \ 
7 i(^ 1 ) ) 

72 (Z W 1 72 - 1 (-- 1 ) ) 
Then the stabilizer of the identity is Z(G) x Z(G) ■ A and we set 

X«H := Gx((z-i))xGx((z)).^®zd] c VW. 
X^H contains G K ((z))/Z(G) as a dense open subset and we have 

Theorem 3.8. 

(1) 1°// is smooth and independent ofX. 



7i(*0 ^ 
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(2) The boundary X^J - G K ((z))/Z(G) consists f2 rk ^+ l G K {{z- 1 )) x G K ((z)) orbits indexed by 
the subset J C [1, r + 1] . 

(3) For J C [l,r + l] let Pj C G({z ± )) be the associated parabolics with standard Levi decomposition 
Pj = Lj ■ Uf. Set S(J) = {(01,02) G Pj x PJ : 9l \ Lj = g 2 \ Lj } = A(Lj) x (UJ x Uj). Also 
define a group ker(J) = (Ijgjkeictj and T(J) := ker(J) x ker(J). Then 

Stab{ej) =T(J) ■ S(J) 
X — L K G/Z(G) = \J L*Gx L"G/T(J)-S(J) 

JC[U] 

In particular, the components of the boundary fiber over the product of two thin flag varieties. 

Remark 13. In the smooth setting because U = U~ there is no asymmetry between in the flag varieties 
for L sm G and there is no need to make any modification to X a ^ . 

For both X a ^ and X^J we have a cartesian diagram 

L K G/Z{G) >X a ff (14) 



pri 



pri 

C x *- A 1 

The fiber over we call the special fiber and denoted X^ fi ( rcsp. X^J s ). For X^J s we have 
Theorem 3.9. An arbitrary morphism 

extends to C[[s]] 

Proof. The special fiber X^fJ is the union of r + 1 components and any map from C((s)) lands in one 
of them. By theorem 3.8 each component maps to a product of thin flag varieties. Over the dense orbit 
the map is the natural projection from 

where P^ = L ■ U ± is a parabolic subgroup of G K {{z* 1 )). Over this orbit the fiber is L and the remaining 
part of a divisor is a compactification of L; this follows essentially because we have the Iwahori decom- 
position for L((s)). In other words each component is proper over an ind-projective scheme hence the 
result. □ 

Remark 14. We do not have this statement in the smooth setting because the smooth flag varieties are 
not complete. 

3.3. Line bundles on X a ^ and Stacky Extension. As in the finite dimensional case we refer to 
Xq^ as the open cell of X a M . So far we have proceeded exactly as in section 2. In the finite dimensional 
case the above result shows that X is smooth and implies Pic(X Q ) = 0. In the ind-scheme setup both of 
these results are more subtle to prove. In fact U~ , LG and in particular X^^ are all not smooth in the 
sense that they cannot be expressed as a union of smooth schemes; see [11, 5.4]. However there is a more 
general notion of smoothness for ind-schemes which is called algebraic smoothness by Kumar [20, 4.3]. 
The loop group is algebraically smooth. This is equivalent to formal smoothness in the sense of being 
able to lift maps over closed subschemes defined by square zero ideal; see [27, 3.2]. The upshot is Xq^ 
and consequently X a ^ are not smooth but are formally smooth. On the other hand L sm G is an infinite 
dimensional manifold in the sense that each point has a neighborhood isomorphic to a topological vector 
space, see [26, 3.2]. 

The initial difficulty in computing Pic(Xq^) lies in determining Pic(U~). However U~ jU~ naturally 
embeds as an ind-variety in LG/L + G. This allows us to prove 
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Lemma 3.10. Pic(U~ x T x U) = 

Proof. First we show Pic(U~) = 0; as varieties U~ = C/ _ x N~ where N~ = {76 L~G|7 = id 
mod z" 1 }. As U~ = A m it suffices to show Pic(N~) = 0. The ind-scheme LG/L + G is a union of 
Schubert varieties = {J v<ll L + Gr/L + G/L + G where < is the Bruhat order on affine Weyl group. In 
particular we get 

N~= |J ^n7V-=:|JiV- 

new a ff/w 

The varieties Y" M are normal so the singular locus has codim > 2. Therefor Pic(U~) = Pic^^ moo th)- 
Working on the smooth locus we can work with Weil divisors and from [19, c.13] we note that Pic(LG/L + G) = 
PiciYn) = ^ an d a generator L for the former restricts to a generator of the latter. There is a section 
s of Lq on LG/L + G such that Div(s) is the complement of N~ . As the restriction of Div(s) to Y^ 
generates Pic{Y^) = Z, it follows that PitfY^ n N~) — and consequently that Pic(N~) = 0. 

This immediately gives Pic(U~ x T* d ) = 0. Finally as varieties U = riieN-^ 1 = A °°- The ind-scheme 
filtration on U~ x T* d induces one on 

^><^><" = ^o a// -U iV ; x ^ x ^ xAOO = U^- 

fj, n 

So it is enough to show Pic(Z^) = 0. For any line bundles on fix a finite cover over which the bundle 
is trivial. Then the transition functions will depend only on a finite number of variables. In particular 
the bundle is pulled back from some finite dimensional variety of the form N~ x U~ x T* d x A 1 which 
has trivial Picard group. □ 

The bundle Lq is induced from the central extension LG of LG. In fact LG — > LG/L + G is a Zariski 
locally trivial L + G-bundle. Further, L + G = C x x L + G from which we get a character \ = P r 2 '■ C x x 
L + G -> C x . By definition 

L = LG x x -i C x 

See [19] for more details. The line bundle L is important in the connection between bundles on curves 
because there is morphism LG / L + G — > Buuq{C) on a curve and Lq is the pull back of the determinant 
bundle; in fact, the determinant bundle is usually described by descending from Lq. We can consider Lq 
as a line bundle on LG by pulling back via LG —¥ LG/L + G. 

Proposition 3.11. In the notation of the proof of 3.7, the irreducible components Di are Cartier divisors 
that generate Pic{X a ^). In particular the line bundle Lq extends to X a ^ . 

Proof. The Di are Cartier; in fact there is a maximal parabolic subgroup V% and a line bundle Li on 
G a ft jVi such that Di is the inverse image of the vanishing of a section Oi on G a ^ jVi- Moreover choosing 
a highest weight representation Vj such that V% stabilizes the class of a highest weight vector Vi then there 
is a morphism 

gaff Q aSi jVi -> WVi g gVi 1 — y [g.Vi] 
and the divisor Di is the divisor associated to the pull back of 0(1) on PV*. Define 

X aff (i) := G°ff x G a ff.[id] g V[V^V;] 

Then there is a line bundle, which by abuse of notation, we also call Lj given by restriction of 0(1) to 
X a M(i). Finally, we claim there is a morphism X a ^ — > X a ^ (i) and Di is the divisor associated to 
the pull back of Li to X aii . To see this note that X a ^(i) is also covered by open sets of the form 
U-T^qW where 

so a unique G a ^ x G a ^ equivariant morphism is determined by giving a map 
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and this map exists because the fan of T* d is always a refinement of the fan of T* d Q (i). The final point 
follows because the fan of T* d is given by the inequalities 

-a Q (t) > 



-a r (t) > 

whereas the fan for T* d (i) has equalities given by replacing some of the above with inequalities of the 
form - £\ r^a^i) > 0. □ 

As in the finite dimensional case we can construct a stacky extension. Consider the ind group H = 
G a ^ x (C x ) r+1 . As before we have a cone with support in the negative Weyl chamber. The dual cone 
c v is generated by the fundamental weights ±tdi and a where ei : (C x ) r+1 — > C x is the ith projection. 
By the 3.7 we get an ff -embedding 

H c c¥[X,~X±u i ,X + e i \ 

Let A C Vr ® K be the negative Weyl alcove. It corresponds to a strongly convex polyhedral cone in 
V T x (8) M; let Mi, ... , u r +i be generators for the rays of A. Consider the homomorphisms of lattices 

0. Z r+1 

Then associated to the stacky fan (c, /3) we get a surjection (C x ) r+1 T x and consequently a homo- 
morphism 

Tp := (C x ) r+1 -^4 T K x (C x ) r+1 C H. 

The compactifcation H c carries an action of H x H so we get an action of Tp x Tg. Identify Tg with 
Tp x Tp/A(Tp). As before 

Definition 3.12. The stacky version of wonderful compactification is 

X aff = JITq ._ \HjTfs] 

It is a completion in the sense that it is finite over X a ^ . The proof of 2.9 remains valid and gives 

Theorem 3.13. 

(a) X a ^ is independent of A. 

(b) X a ff - X* SS is of pure codimension 1 and we have an exact sequence 

-> V -> Pic(X aff ) -> Z(G) -> 

w/iere t/ie subgroup 7L r is generated by the irreducible components of X a ^ — Xq^ . 

(c) The boundary X a ^ — L K G consists of r + 1 normal crossing divisors Di, . . . , D r+ i and the closure 
of the L K G x L K G-orbits are in bijective correspondence with subsets Id [1, r + 1] in sitc/i a way 
that to I we associate riig/f,. 

(d) Lei tii, ... , u r +i fee generators of the rays of the Weyl alcove and M be the monoid they generate. 
Any G a M x G a ^ equivariant X' — > X a *' determines and is determined by a fan supported in 
the negative Weyl chamber whose lattice points lie in M. 

Remark 15. Note for the proof of (b) that although T T K it nevertheless holds that they have the 
same Picard group = Z(G). This follows from explicit computation with the fan of T K . 

Remark 16. One can see that 2.9 follows formally from 2.1. In the same way the previous result follows 
formally from 3.7. The latter holds for both the algebraic and smooth the loop group and we conclude 
the same for 3.13. 

Remark 17. One can also work with the polynomial loop group L po i y G = G[z ]; it is an ind-group 
scheme of finite type. Everything goes through as before and we get an embedding of L po i y G or rather 
of C x x LpoiyG. Theorems 3.7,3.13 remain valid. 
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Remark 18. So far we have not discussed the ind-structure on X a ^ . However in section 4.4 we do 
define a projective ind-schemc P md C P and show that X a *f C V md and further that L K G -> P md is a 
morphism of ind-schemes. 



4. Representation Theory of LT 



An interesting aspect of the representation of loop groups is the appearance of a new intermediate 
abelian group. More precisely, instead of asking for a maximal torus T C LG, we can ask for a maximal 
abelian subgroup H C LG. The standard choice is H = LT but there are others choices, see for example 
[24, 3.6]. What is interesting is the restriction of the central extension LG to LT is non trivial and has 
interesting irreducible representations. Further, much like we can gain insight into irreducible represen- 
tations of G by decomposing according the action of T, we can understand irreducible representations of 
LG by decomposing them according to the action of LT. Indeed positive energy representations for LG 
break up into a finite sum of positive energy representations of LT. 

In this section we study positive energy representations of central extensions of L K G and L K T. We 
first focus on L K T or rather its central extension which is generated by two subgroups 

C x k TxV T C L*T D (£T/T) 
where TxVr is the pull back of the central extension C x : 

> C x > TxV T > T x V T > 







■C> 



Y 

^LT 



-^LT 



^0 



and similarly for (LT/T)q. In addition, wc would like to mention an interesting connection with combi- 
natorics. We shall see shortly that the group structure on LT depends on a choice of a positive definite 
symmetric form Q on the Lie algebra t of T. In the case T sits inside a semisimple group G, then this 
form comes from the Killing form. The closure of the torus in the wonderful compactification of LT is 
given by the cone on what is known in combinatorics as the Voronoi decomposition associated to Q. For 
the representation of LG we will use a more algebraic approach using quotients of Verma modules. 

In general, writing down a complete description of a positive energy representation requires some 
work. See [24, ch.9,10,11], for some examples. We give one construction for LT which is fairly explicit 
and follows [26]. Let us begin by pinning down the group structure of TxVt- We can determine the 
structure on the central extension by looking at the case when T sits inside a simple group G. In this 
setting we have a linear map Vr — > Ay, r\ n- {r], ) given by the Killing form. The affine Weyl group 
W Af = W x V T has a natural action on the characters of T a *f := T K x C c x = C x x T x C c x . This action 
is computed in the proof of [20, 13.1.7]. We identify characters with their derivatives so that if we have 
an element t a ^ — (e r , e*, e c ) g T a ^ then a character A = (n, A, h) evaluates to 



X(t aff ) = 

With this notation the action of r] g Vt C W a ^ is 

h 



nr+\(t)+hc 



A^.A = A+ (- A(r?) + -M , h(r],), o) = (n - A(r?) + - (r), rj) , \ + h(r),), h} 



h 



^ exp [n - A(ry) + - (r,, rj>] • r + [\(t) + h{n, t)] 



h^exp \[n-X{r])}-r + X(t) + h- [(r),t) + -<iy,»?)r] 
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We can use this to understand conjugation in the central extension, for the action of rj can also be 
interpreted as 



T aff n°(-)°n * ; T aff ^ 



" e r ' 




e r 


e 4 






1 




. c(rj,t,r) _ 



i-t exp ( nr + A(t) — A(r/)r + hc{r], t, r) 



i— > cxp ^[n — A(?7)] • r + X(t) + h-c(rj,t,r) 
We are using the semi-direct product to compute the middle row above. Comparing we see 

cin^r) = ( V ,t) + 

One can check that c(f], t, r) is a co-cycle in the sense that it obeys the associative law of group multipli- 
cation. In fact c(i],t,r) determines the group law on C x k TxVt because topologically C x k TxVt — 
C x x T x Vt x C x and denoting elements by (u, H, 77, w) T , the group structure has the form: 



Ul 




U2 




Ul 


Hi 




H 2 




Hi 


m 




m 




1 


1 




1 




1 





U 2 






H 2 




• m ■ 


m 


■Vi 






1 





Ul 




U2 




UiU 2 


Hi 




7]i 1 (u 2 )H 2 




^\ P2 )HiH 2 


1 










1 




_ c{rji,H 2 ,p 2 ) _ 




c(vi,H 2 ,p 2 ) 



Thus we can get a group structure for every positive definite symmetric form Q via 

c Q (r}, H, u) = Q(r), H) + u 9 ^ 

In fact this makes sense even if Q is not positive definite. However when we look at representations of 
these groups we want want the weight spaces of u to be bounded below and we also want the weight 
spaces to be finite dimensional; these conditions fail if Q is not positive definite. 



4.1. Representation of C x x TxVt- In [26], Segal describes a representation of C x x LT on a vector 
space of the form V\ <g> V 2 where Vi is a countable dimensional representation of C x xTxVt and V 2 is 
an uncountable dimensional representation of (LT) /T. This produces a positive energy representation 
of LT. We describe both representations but focus first on Vi because this is all that is necessary to 
understand the closure 

C L V T 

More precisely we'll see that the orbit of the identity in VEnd(V 2 ) under (LT)q/T is closed and hence 
doesn't contribute to the boundary. 

Fix a positive definite symmetric form Q on Vt', we view this as a linear map Vt — > Ay. From 
the previous section this determines a group Q := C x x TxVt- We describe a representation of Q on 
L = ffi X GQ(v T )^x- I R f &c t following the wonderful compactification recipe we look at the Q x Q orbit of 
the identity in End(L). Let Zq be the finite group which is the kernel of Q : Vt — > At- The embedding 
has 

Q x Q/(Z Q C* x Z Q C X )A(Q) = C x x T/Z Q x V T 

as a dense open subset set. The connected components are indexed by Vt and the connected component 
of the identity is the closure of T K = C x x T. The representation is simple to describe; let w M be a weight 
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vector with weight /U, then: 

V-Vp = ^+Q(tj) 

t.Vp = /J,(t)vn (15) 

Remark 19. One can check that this indeed defines a representation; a verification of this appears in 
[26, pg.306]. Further any highest weight representation of LG decomposes into a finite direct sum of 
LT representations. One important consequence is that for any co-character rj € Vt* such that the 
composition C x A T K = C X xT -^i> C x is given by a positive integer has the property that 

lirris^ovi 3 ) exists 

as an element of P(V <g> V*) . To see this it is enough to check the function fi — > (/i, 77) from the weights of 
V to Z has a well defined minimum value. This follows because the last line of (15) shows the function 
/i — > (/U, 77) is quadratic with leading order coefficient positive. Further the mimimum is achieved at a 
finite number of weight spaces \i. 

We can identify the image of T x in End(L) as diagonal matrices with infinitely many nonzero terms. 
Such matrices we can identify with L = 77 L M . With this translation we have a representation of T K — > L 



and the toric variety we are interested in is T K := T K . 77 1 e PL. 

Let us now briefly describe the representation of (LT) n /T on V2. We do this for T = C x but the 
construction clearly extends to higher rank. We have 

LT(R) = L <0 T{R) x T(R) x V T x L >0 T(R) 
-1 

l <0 t(R) = {id+ nAn e i?™z pot e„ t } 

i— — n 

00 

i >0 T(i?) = {id + nz'ln g i?} 



We see {LT) Q /T = L <a T(R) x L >0 T{R) and is not reduced. Let TF be the C-vector space ffi l>0 Cz 4 C 
L >0 T(C). The representation of (LT/T) is on the vector space V2 = SymiW) — C[x\, X2, ■ ■ ■ ] where 
hat means we allow infinite sums of elements inC^i,^,...]. 

The action of 7(2) G L >0 T is given by multiplication by cxp(log7(z)) where log j(z) = Y]jy \ caz 1 and 
z % acts by multiplication by Xi. For example if 7 = exp(z), then log7 = z and if / £ Sym{W) then log7 
is given by / M> x\f. Thus 7 acts by multiplication by exp(xi). If 7 e L <a T then because 7 = 1 + n 
where n is nilpotent we can write log 7 = y~]™_ 1 a,iZ~~ % . Then log 7 acts by X^2=i a i7S~ anc l exponential of 
this operator gives the action of 7. An important point to note is that this is extends to a lowest weight 
representation of LG. 

As before let (LT/T)q be the closure in P End[Sym(W)] of the orbit of the identity. We claim over 
reduced R that (LT/T) = (LT/T) . Indeed over reduced R we just need to consider L >0 T and a point 
in the boundary can be understood as a diagram 

Speci?((s)) L >a T(R) 



Spec R[[s}} ^¥End R (Sym(W)) 

Think of <j> as an element 1 + X)i>i ^(s)-^ where </>i(s) £ R((s)). If </>i contains negative powers of s then 
4> will act by multiplication by an element where the coefficients of x\ will have arbitrary high negative 
exponents of s. Consequently the limit s — > does not exist in FEnd(V2). It follows 0i(s) € #[[s]]. 
Continuing inductively we see all </3j € -R[[s]]. 
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In the the smooth setting, where T = and LT = May c °° {S 1 ,T) then again (LT/T) breaks up 

into a negative and positive piece that act on Sym(W) just as described above. In this case the action 
of L <a T can be described as z~ % maps x% — > Xi + 1 and all other Xj — > 0. In this case we can apply a 
similar argument as above. Namely, fa(s)z~~ l .(xi) n = (xt + (f>i(s)) n so if fa has negative exponents the 
limit s — > will not exist. Thus in the smooth setting the boundary of LT is entirely determined by the 
closure of the torus. 

We now turn to describing the SpecC points of the boundary of T K . As we have seen it is enough 
to consider the closure of the torus. We would like to express the fan for T K in terms of combinatorics 
associated to Q. We recall the relevant combinatorics now. 

4.2. Voronoi and Delaunay Subdivisions and the fan. Let W be a real vector space equipped with 
an inner product Q. Given a finite set of points S C W one can form the Voronoi diagram or Voronoi 
partition associated to S. This is partition W = U se sC s where 

C s = {we W\Q(s, w) < Q(s', w)Vs' eS-s} 

We can replace S with a regular lattice and apply the same procedure to get tiling of W. For example if 
W = M 2 and Q — I and we consider the lattice Z 2 then we get a tiling by squares centered around the 
points of Z 2 . These tilings are well studied and have many nice properties; see [30]. 

Dual to Voronoi diagrams is the notion of Delaunay subdivision. Let L C W be a lattice. For any p € W 
let r{p) be the minimum distance such that B(p,r(p)) (11^0 where B{p 1 r) — {w g W\Q(p,w) < r}. 
Let P(p) be the convex hull of all lattice points inside B(p,r(pj). Then we get a subdivison of W via 
W = U pe wP(p)- Alternatively the convex hull of p\,...,p n g L is in the subdivision if and only if 

C Pl n • • • n c Pn ^ 

It is known that Delaunay subdivisions can be computed using a certain lifting property. Namely 
consider the graph (id,Q): L — > L x R and let C(Q,L) C W x K be the convex hull of the lifted 
points. Let DC(Q,L) be the subset of C(Q,L) consisting of all facets that can be seen from " — oo"; 
Let 7r: W x R — > W be the projection. The Delaunay subdivision consists of all facets of the form ir(F) 
where F g DC(Q,L). 

One can get the Voronoi subdivision using similar considerations. Note that the image of id, Q : W — > 
W x R is a paraboloid Q. Let Q Pl be the tangent plane to Q at the lifted lattice point {pi,Q(pi,Pi))- It 
turns out that the projection of Q Pl (1 Q P2 in W is the hyperplane of points equidistant between pi,p2- 
It is not difficult to S66 tllclt Cpi is a polytope whose supporting hypcrplanes consist of a subset of the 
hyperplanes of points equidistant from pi and other lattice points. 

Let C° be defined by replacing < with < in the definition of C s . Then C2 = {p g W\P{p) = 0}. 

Now let us explain the connection between this combinatorics and T K C L K T. 
Let T be the fan of T K . We have T c V T * <S> K = K ffi Vt,r- We can now state 

Theorem 4.1. TTie /an J 7 is contained in Vt,k © K>o- -for a > identify Vt,r w^/i a © Vt,r; i/iere is a 
lattice L a C Vt,r suc/i t/iat T is the cone on the Voronoi diagram associated to (L a , Vt,r, Q)- 

Proof. Let (6,77) g V T k = Z © Vr be a co-character. Fix a coordinate s on C x then composing 
we can express the image as 

JJ /m(0(«» e yL 

Q(a)£Q(V T ) 

F btV (Q(a)) = s b - aQa+ ^ Qa 

This follows from (15). The limit s — > only exists if 6 > 0. Moreover, if 6 > 0, then the limit exists for 
any value of r\. This gives the first claim. 

Fix now a g Z >0 and consider the 1 parameter subgroup diag{s Fa ' r >^^ a ^). Set 

Pv = lim ]J( S ^«("))) e PL = P JJ L„. 
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Consider the function F a>ri as a function on Vt] it is quadratic and has a unique global minimum on 
Vt,r therefore there are only finitely many co-characters 771 , . . . , rj n G Vr where F a ^ attains its minimum, 
therefore 

pv = n (/(«)) 

Q(a)£Q(V T ) 



/(«) = 



1 if a e ...,%} 
otherwise 



So in fact p v G PL. We can identify the cones of J 7 with the polytopes G q = {rf G Vr|p^ = ?v}. 

Consider the subset L a = {minF ai7) € Vt,r — a Vt,r|?7 G Vt}- A basic application of the quadratic 
formula shows that L a is a lattice and we have identified the cones of the fan with Voronoi subdivsion 
associated to L a . □ 

Remark 20. The fan T contains infinitely many cones one can compute much about the fan in terms of 
Q. For example one can compute supporting hyperplanes for the polytopes in the Voronoi subdivision, 
dimension of a cone in terms of number of minimums of F a ^ on Vt, etc. For precise statements see [30] 

If we had worked with a the full representation V\ ® V2 this would had the effect of adding a positive 
constant to the function F a ^ which doesn't effect where minimums occur. 

Further, the above representations extend to representations of G a ^ but they correspond to a dominant 
but in general not a regular dominant weight. If you look at the closure of T K inside a regular dominant 
representation of G a ^ you do not get a fan that is the cone on a Voronoi subdivision associated to the 
Killing form. This is because a regular irreducible representation of LG does not stay irreducible under 
the action of LT. In fact for a fixed form Q the irreducible representations of LT are indexed by the finite 
group At/Q(Vt)- One can see just from looking at the character of a representation that in a regular 
representation of G a '* all the irreducible representations of L K T appear as a direct summand. 

We computed the toric variety of the closure of the torus in the representation corresponding to 
G At/Q(Vt)- The closure in the representations corresponding to nonzero elements in Kt/Q{Vt) can 
also be expressed a Voronoi diagram associated to Q but the lattice L a will be different. In fact one 
can express the fan of the closure of T K in a regular G a ^ ^-representation as a kind of intersection of 
the fans coming from all the L K T representations. However with a regular dominant representation of 
G a '' there are more straightforward descriptions of the fan of T x ; e.g. as the cone on the Weyl alcove 
decomposition. 

4.3. Example. Consider the case T = C x then the form Q above is a positive integer; we take Q = 2. 
This choice comes from the killing form on C x C SL2- Let us consider the Voronoi subdivision associated 
to Z in the normed vector space (R, Q). Clearly the set of points closes to n G Z consists of the line 
segment [n - 1/2, n + 1/2]; in the notation of 4.2, C n = [n - 1/2, n + 1/2]. The fan of T K C L K C X / ± 1 
is shown in figure 1 where we have identified R with R © 1. 

To differentiate T = C x from the C x in the semidirect product we write T = GL\. The associated 
toric variety T x has a map to A 1 extending the projection C x x GLi ^> C x and fits into the following 
diagram 

C x x GLi C ■< 3 U je z p j 



C x C > A 1 < ^ 



4.4. Representations of G a ^ . Here we discuss some properties of highest weight representations of 
G a ff. We use the Verma module approach to construct representations of G a ^ but we do give a rough 
comparison with the previous construction. 

Starting from a regular dominant weight A = (0, A, I), which must satisfy A(# v ) < I, we consider first 
the representation of V(X) of q. Extend this to a representation of q[[z]} © C c by making C c act by 
multiplication by I and making act trivially. Induce this to a representation of g((z)) C c on 

V{\)®cU(z^ 1 q[z^ 1 ])- 1 where U{z~ 1 q[z~ 1 ]) is the universal enveloping algebra. This module has a unique 
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Figure 1. Cone on the Voronoi subdivision. The lattice Z is shown in square dots and 
the lattice points of the Voronoi subdivision is shown in circle dots. The rays of the fan 
are shown in dashed dots. Note only a finite number of rays are drawn but every point 
in the upper half plane lies on a ray or in between two rays. 

maximal proper submodulc Z\\ it is generated by v\ <g> (Xg <g> z - i y- x ( H e)+ 1 where 9 is the highest root 
of q; see [1]. The quotient is an irreducible representation with highest weight A 

V(X) = V(A) ® c U{z- x q\z- x ])/Z x 

We can see the connection between these description by looking at the weight vectors. Starting from 
the Verma module perspective a weight vector looks like (— ni) • • -Y^™ (— n m ). The corresponding 
weight for this vector is (n, fj,,l) where 

m 

n = 3h ■ (-nj) m = ^2 3k a ij 

k=l fc=l 

therefor, comparing with the previous approach, this must lie in the space C • \p] (8 C[xi, X2, ■■■] and must 
be of the form [fi] ® /(.., ajj, ..) where / is a homogeneous polynomial of degree d = n — Q([i, A*)/2; the 
grading on C[xi,X2, ■ ■ ■] has degx^ = i. 

Let us also mention that following convention the representations we constructed for L K T were lowest 
weight representations. Thus to make a comparison between these two approaches one must dualize one 
of the representations. Let us consider the example of the basic representation of LSL2 with highest 
weight (0,0, 1). As a vector space this representation is the dual of 



0C- [2n]®V 2 



where C • [2n] is the representation of GL\ given by the character [2n] and V2 — C[xi,X2, ■ ■ ■]■ The weight 
spaces with multiplicity are shown in figure 2 as well as the action of the lowering operators Y = 

aW = f J and -a<°> = X e ® z' 1 = (° Q 

We now define a certain ind scheme in P. We discuss first some preliminaries on how 7 € LG acts on 
V(X). Using the C x C L K G in the semidirect product we can decompose the representation into weight 
spaces for C x . 

V(X) = ®j> Vi 

in the theory of positive energy representations these are called the energy spaces. In figure 2 these are 
the rows. The Vj are in general reducible representations of G. In an appropriate basis G acts on V(A) 
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Figure 2. A picture of the weight diagram for the basic representation of LSL^- The 
numbers enclosed in boxes are weights for the torus C x x GL\ x C*. The subscripts on 
the boxes indicate the multiplicity. The labels [n] ® 1 indicate what vector the weight 
corresponds in the description as V\ S3 Vi- For example the box that reads (—1,0,1) 
corresponds to vector [0] ® x\. This figure was adapted from [12, 2.5.13] 
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note that the dimension of the spaces Vj are monotonically increasing so the blocks Ai are getting larger 



and larger. Construct an ind-scheme by setting . 
respect to the above block decomposition: 
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For each n > 1 define V z " d to be set of block of matrices where at the fcth block column you allow blocks 
Bk+i.k, ■ ■ ■ , #fc+«.(fc+i),fc to be nonzero as well; the difference in name of the block is just to emphasize 
how they are being added. For example 
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One can compose elements in P™ d and for any m, n there is a k — k(m, n) such that P™ d • P™ d C P™ d . 
To bring in loop groups note that any 7 e LG is a finite product 

m 

so to show LG embeds in F™ d it suffices to show U a (b) lands in some P™ d . Now 

00 

u a (b) = n gx p ( 6 j • x °< ® zj ) b 3 e c - 

j=-k 

so it suffices to show that for every energy space Vi that there is an integer i = that depends at most 
linearly on I such that 

U a (b).Vi C ®j<i+iVj 

This follows from parabolic nature of the weight spaces of V(X); see figure 2. Indeed for a fixed j there 
is a constant c such that for n > c the action of X™ is trivial on V} . From the parabolic nature of the 
weights we have c = 0(y/j). 
This shows 

Proposition 4.2. TTie group L K G maps to Pg" d and the inclusion is a morphism of ind- schemes. One 
gets an ind-scheme structure on X a ^ by 

X aff = U n X% ff := u n x aff n P™ d 
5. Bundles on Curves 

In this section discuss the connection between LG and the moduli stack Buna(C) of principal G 
bundles on a curve C. We explain the connection between the embedding X°^J and bundles on nodal 
curves as well as a connection between X^J and a construction of a completion of Bunc(C) on nodal 
curves due to Faltings. 

5.1. The double coset construction. To begin with we make another addition to our list of important 
subgroups of the loop group. The subgroup is associated to the data of a fixed compact Riemann surface 
C and a point p G C. The holomorphic version is defined as follows. Fix a local isomorphism z from 
{|z| > 1/2} in 00 e P^C) to a neighborhood around p. Set D p = {\z\ > 1} and C* = C - L\ so that 
~L\nCF = S 1 identified with {\z\ = I}. Consider now the smooth loop group L sm G = C 00 ^ 1 , G). Define 

£& m G - Hol(C*,G) c L sm G, 

as the subgroup of loops that extend to give a holomorphic map C* — > G. The algebraic version, LcG, 
is the ind algebraic group which associates to a C-algebra R the group 

L C G(R) :=G((C-p) R ) 

of algebraic maps (C — p) x c Spcci? — > G. When working algebraically we restrict to semi simple G; this 
is explained after remark 21. 

We have the following theorem proved by Atiyah: 

Theorem 5.1. The set of isomorphism classes of holomorphic principal G-bundles on C is equal to 

L s ™G\L sm G / L sm - + G 

Proof. [26, 8.11.5] □ 

Remark 21. One proves the result by noting a G-bundle on C* is holomorphically trivial. Additionally 
the bundle is trivial on D p and so the bundle is determined by a "transition function" 7 e LG; modding 
out by the two subgroups amount to accounting for changes of trivialization. 
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In the algebraic setting instead of looking at a small disc around p € C we look at a formal neighborhood 
Dp = SpecC[[z]]. For a moment let us consider the case G = SL n . In this case we can identity SL n - 
bundles with vector bundles that have trivial determinant. In turn vector bundles we can identity with 
locally free sheaves. Over G — p a locally free sheaf is just projective module E over the ring A = C[G — p] 
which is a Dedekind domain. According to the structure theorem for projective modules over a Dedekind 
domain we have that 

E = A® 1 ^- 1 © det E = A® rk ^ . 
For general simple G choose a faithful irreducible representation G C SL(V) and identity a principal 
G-bundle with SL(V) bundle together with a reduction of the structure group to G. Then over C — p 
the SL(V) bundle is trivial and the reduction to G is preserved so the G bundle is trivial on C — p. More 
generally, for a family of curves, we have the following result due to Drinfeld and Simpson [8]. 

Theorem 5.2. Let S be a scheme and C a smooth proper scheme over S with connected geometric fibers 
of pure dimension 1 and let G be a semisimple group. Let D be a subscheme of G such that the projection 
D — > S is an isomorphism. Set U = C — D. Then for any G-bundle F on C its restriction to U becomes 
trivial after a suitable faithfully flat base change S' — > S with S' being locally of finite presentation over 
S. If S is a scheme over Z[n _1 ] where n is the order of 7i"i(G(C)) then S' can be chosen to be etale over 
S. 

This shows that for a fixed curve over C a principal G-bundle is determined by a transition function 
over a punctured formal neighborhood of a point. This shows, as in the holomorphic case, there is a set 
theoretic bijection between a double coset space and the principal bundles on C. In fact more is true. 
Consider LcG\LG/L + G as a stack by taking it to be the global quotient stack [LcG\(LG / L + G)}, then 

Theorem 5.3. There is a canonical isomorphism of stacks 

Bun G (C) S L C G\LG/L+G 

This was proved for G = SL n by Beauville and Lazlo and for general G by Lazlo and Sorger in [21]. 
In both cases we also have the presentation in terms of flag varieties for LG. Set Yq = LqG\LG and 
Y D = LG/L + G and consider the diagonal action of LG on Y c x Y D , then 

d (n \ ~ Y C xYd 
Bun G (C) = LG . 

5.2. The connection with X^J and bundles on nodal curves. To begin this discussion consider 
the formal neighborhood of a node on a fixed nodal curve C. The neighborhood is isomorphic to 

D = Spec C [[a;, y]]/xy 

any bundle over this formal neighborhood is trivial. A change of trivialization is given by r : D — >• G 
which we can identify with 

G(D) ( 7l , 72 ) g G[[x]] x G[[y]] with 7l (0) = 72 (0) 

In fact this space of trivializations is, in the notation of theorem 3.8, just «5({0}) = G x (7V~ x N) where 
TV* C G^z 1 *"]] are those loops that are the identity mod z ± . In other words we have identified an orbit 

Orb{{{)}) = G({z)) x G((z- 1 ))/5({0}) 

in X?J!t as parametrizing bundles on G, with a trivialization away from the node. The orbit Orb({0}) is 
one of r + 1 = rk(G) + 1 orbits of 'codimcnsion 1.' This terminology is justified because there is a natural 
correspondence between T K x T K orbits in T% and G K ((z)) x G K (O^ 1 )) orbits in AfjJ and Orb({0}) 
corresponds to a codimension 1 orbit in T . 

The question arises if the other codimension 1-orbits, or more generally if all of the other orbits in 
^inl parametrize bundle data. In order to go further in addressing this question we need to distinguish 
between principal G-bundles and ^-torsors. 

In general, given a curve G — > B and a sheaf of group Q on G we define a Q-torsor to be a sheaf of 
sets T on G — > B together with a right action of Q such that (1) there is an etale cover {d — > G} such 
that T{Ci) ^ and (2) the action map CJxJ r ^J r xJ r isan isomorphism. 



A WONDERFUL EMBEDDING OF THE LOOP GROUP 



31 



Given a principal bundle F on G we can consider the sheaf of groups Q represented by the scheme 
G x G and the sheaf T represented by F and in this way associate to each principal G bundle a CJ-torsor. 
In fact there is a perfect dictionary between tj-torsor and G-bundles whenever Q(O x ) = G[[z)} for every 
point x where O c is the completion of the local ring at x. 

Quasi parabolic bundles can also be interpreted as CJ-torsors. Quasi parabolic bundles are G-bundles on 
a curve together with reductions to a parabolic subgroups Pi of G at a finite number of points x\ 1 . . . , x m 
in the curve. These are equivalent to (/-torsors for a sheaf of groups Q C G(0). More precisely these are 
Q torsors for which Q(O x ) is generically the standard maximal parabolic subgroup G[[z]] of LG but at 
each of the points x± we have Q(<D Xi ) = P, = {7 £ G[[z]] \j(0) £ Pi}. Using the language of tj-torsors we 
refer to quasi parabolic bundles as Q-torsors with Q{0 Xi ) = Vf, it is understood that for all other points 
Q{6 x )^G[[z]\. 

To return to the question of interpreting the orbits of X^J we define a parahoric subgroup of L K G to 
be any subgroup V C LG that is conjugate to one of the groups 

V* = {"/£ LG\ lim r;(s)7r/(s)~ 1 exists } 

where 77 is a co-character such that the composition C x T K = C X x T C x is given by a positive 
integer. These are really just parabolic bundles of L K G but they are conventionally called parahoric 
subgroups. We use the notation V ri to denote the quotient /C x = "P x H LG and define parahoric 
subgroups of LG to be any subgroup conjugate to a V„. Let K, = C(C) be the constant sheaf of rational 
functions on C. Given a finite set of points x\, . . . , x m on a curve C and parahoric subgroups V% of LG 
we define a quasi parahoric bundle as a £-torsor for Q a sub sheaf of G(JC) with Q{<D Xi ) = V%. Quasi 
parahoric bundles as defined here seemed to be first discussed by Teleman, see [28, sect. 9]. They have 
recently received more attention by Heinloth [15] and by Balaji and Scshadri [31]. 

Proposition 5.4. Let C be a nodal curve with a unique node x such that C — x is affine. Then the orbit 
O = Orb({j}) C X^H parametrizes G bundles on C with S '{{j})- structure at the node. Let C be the 
normalization of C and let y, z be the preimages of x. Then the bundles parametrized by O correspond to 
parahoric bundles E on C with an isomorphism in a Levi subgroup L = Q(O z ) D Q(O y ). 

Proof. The case j = was explained in the beginning of this subsection. Set J = {j}; from theorem 3.8 
we have 

L K G x L K G 
T(J)-S(J) 

T(J) = P| kcrctj x P| keraj 

Choose a co-character ( such that C(i) £ flj^y kerai (IT — flj^o ker aj and aj(((t)) = t^ ,a ^ ^ 1; this is 
always possible if j ^ 0. Then 

(u,C(*)) ^uY[t«' a ^ =ut^' a ^ =ut m 
i>i 

with m 7^ and thus the co-character 

C(u)- 1/ro ) 

satisfies ('(u) x ('(u) C T(J) and for dimensional reasons we have equality. This means the class of 

(u, 1 ),{u',i)£L K GxL K G 

in O has a unique representative of the form (1, h), (1, h!) where the 7's and /i's differ by multiplication 
by an element of H^^o kercn^. In other words we have 

L K G x L K G _ LG x LG _ LG x LG 
~ T(J)-S(J) ~ S(J) ~ A(Lj) x (UJ x Uj) 

This shows O parametrizes (J-torsors on G such that Q(O x ) = S(J). More precisely, the uniformization 
theorem for G-bundles also holds for ^-torsors, see [15]. Therefore given a CJ-torsor £ on G with Q{O x ) — 
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S(J) it will be trivial in a formal neighborhood of x and on the complement of x and we can consider 
the data 

(£, C = C* U D . D, T C -, , T D = ( Ty , T z )) 

where D = SpecC^ = Spec C[[y, z]]/yz, C* — C — x is a smooth affinc curve and t d : S(J) — > £{D) is 
a trivialization which you can restrict to either side of the node to get r y or t z ; similarly tc> ■ G(C*) — > 
£(C*). From this data we get two loops (71 = Tc*/r y ,j2 — tc/t z ). Forgetting the trivialization td 
is equivalent to identifying loops that differ by an element in Q{D) = S( J). Therefore the space of all 
tuples 

(C = C* U D . D,E,t c .) 
is represented by LG s *j G ■ Equivalently we can consider the data on the normalization: 

(C = C* U b , D, £, t c , , t x : £{k{y)) -> £(k(z))) 

where k(y), k(z) are the residue fields of y, z e C . The equivalence arises because a trivialization of £ over 
D respecting t x is equivalent to a trivialization of £ over D. To interpret this in term of the geometry of 
the orbit O note we have a natural map 

O -> LG/PJ x LG/Pj 

with fiber Lj. This shows a point of O is equivalent to the data of (5,71,72) € Lj x LG/PJ x LG/Pj 
which give g-torsors on C with = Pj , Q{6 Z ) = Pj together with g e Q(6 y )ng{6 z ) = Q{k(x)). □ 

Remark 22. The question of the modular interpretation of the remaining, higher codimensional orbits 
requires more care. There are some results in this direction when one restricts to the divisor Orb({0}) 
which generically corresponds to the standard maximal parabolic subgroup G[[z]]. In this case higher 
codimensional orbits have been interpreted as torsion free sheaves for GL n and Sp n . The other approach 
is to consider bundles on modifications of nodal curves as in [29, 17, 18]. In the analytic setting one can 
nevertheless fit together all the orbits of X a ^ into a complex analytic space that serves as a completion 
of bundles over nodal curves in families. The appropriate algebraic analogue is work in progress. 

Even without a complete modular interpretation of X^J the previous proposition already tells us 
something interesting. Given that bundles on a nodal curve are equivalent to bundles on the normalization 
together with a 'transition function's G at the node, it is a natural first guess to try to complete Buna{C) 
simply by compactifying G. However the previous proposition shows that this is not sufficient; namely, 
in families a principal bundle may develop parahoric structure at the node. Figure 3 is an illustrates this; 
compactifying G only tells you about the divisor Dq. 

We now give a couple of example of parahoric subgroups and parahoric bundles that can develop in 
families. We treat first the case G = SL 2 - The standard parahoric subgroups of LG are 

Vo = G[[z}} 



a b/z \ / bo \ I ai b\ \ 2 ( a 2 b 



The first corresponds to the co-character u M> (u,diag(l,lj) e T K and the second corresponds to 
{u,diag(y/u, ^)). 

In the case of SL r , all the maximal parahoric bundles are conjugate to G[[z]\ by outer automorphisms 
which can either be interpreted as 'fractional' loops in G or as honest loops in GL r . For example 

1 \ _ / 1 \ / z 1 ' 2 \ _ / z- 1 ' 2 



*-i )K{0 z) = { z-W )^{ Z W )= V ° 

As a result all CJ-torsors with Vi structure always have interpretations in terms of vector bundles. In the 
case at hand if E is the trivial rank 2 vector bundle over D — SpecC[[z]] and s\,S2 are two non vanishing 
sections then any other such sections can be obtained as 7. si, 7.s2 with 7 € Vq. On the other hand if we 
require S\ to have a pole at the closed point and S2 to be non vanishing at the closed point then any other 
such sections can be obtained as 7. si, 7-s2 with 7 <G V\. The latter case corresponds to the vector bundle 
Ob ® Od(1) over D. In other words, if we have a smooth curve C and a point p then G(C — p)\LG /To is 
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Figure 3. Schematic of Bunc{C/B) over the base B. The general fiber is just 
Bunc(Cb) for the smooth curve Cb- Over the special fiber of B we get a divisor with 
normal crossings and r + 1 components. The divisor Di has a dense open subset, the 
complement of the squares, which corresponds to Orb{{i}). 



the moduli space of rank 2 vector bundles with trivial determinant while G(C — p)\LG jV\ corresponds 
to those vector bundles with determinant Oc(p)- 

To bring in nodal curves consider the curve C = -BZ( , )(P x A 1 ) over A 1 . The general fiber is P 1 and 
the special fiber is P 1 UP 1 . Possibly the simplest example of parahoric structure developing can be seen 
with the bundle Oc © Oc{E) where E is the exceptional divisor of the blow up. In this case we get 
the trivial rank 2 bundle on all the smooth fibers while on the special fiber we get O © 0(—l) on the 
exceptional divisor and O © 0(1) on the other P 1 . 

On the other hand O © 0{— 1) is a GL 2 bundle on C. If we work with honest SL 2 bundles on 
C we still see the parahoric structure at the node, but we are forced to get an SL 2 bundle on the 
special fiber as well so the parahoric structure at the node is cancelled by opposite parahoric structure 
at other points of the curve. For example consider the SL 2 bundle on C obtained by inducing the 
C x -bundle O(E) via C x ->• T C SL 2 , t i-> diag(t,l/t). Then the restriction of the special fiber is 
L = 0(—l) © (9(1) = O(-p) © <D(q) on E where p, q are zero and infinity on P 1 . On the other P 1 the 
bundle is i v . 

This example generalizes completely to any 1 dimensional family of curves C — > B degenerating 
to a reducible nodal curve and to any simple group. Let C\,C 2 be the components of the special 
fiber so Oc(Ci)\c 1 = Oc 1 (~y) and Oc{Ci)\c 2 = Oc 2 (—z) where y,z are the preimages of the node 
x in the normalization of the special fiber of C. Choose a co-character 77 giving maximal parahoric 
subgroup V 7^ G[[z]]. Now choose an irreducible representation G C SL(V) and consider the G bundle 
P = Oc{C\) x v G. The representations V allows us to give an isomorphism 

P = ®UOc{a i C 1 ) ffi™ 1 Oci-bid) © o^ m[v) - n - m 

where ai, bj > are integers. Consider also the vector bundle 

P' = ®UOc(a i C 1 ) © 0% dim ( y )-" 

then for every smooth fiber Cb the restriction of P' admits a reduction of the structure group to G while 
restriction to the special fiber has parahoric structure given by V at the node and has no reduction to 
G. The bundle P restricts to a G-bundle on every fiber. It has parhoric structure at the node as well as 
complementary parahoric structure at the points of div(y) fl (Ci — y) U div(z) n (C 2 — z) where by abuse 
of notation we use y, z to denote both a point in d as well as a local coordinate for this point. 
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We finish with one final example of a parahoric subgroup of SO$ which shows, unlike the SL r case, 
the parahoric structures that appear cannot always be interpreted as twists of the standard structure 
G[[z]]. It will be enough to work with the Lie algebra which we present as 



so 5 



«1 


a 2 
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-hi 




04 


-b 





-hi 
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-ai 


-«3 
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—c 





-a 2 


— 124 


-92 


9i 


92 


hi 


hi 






\a,i,b,c,gi,hi £ C 



the Lie algebra of a maximal torus is given by diagonal matrices and more generally we can pick out the 
root spaces 

{X^Yl) «■ (02,03) 
(X 2 ,Y 2 ) {V2h 2 ,-y/2g 2 ) 
(X 3 ,F 3 )^(\/2/ii,-\/2 ffl ) 

(x 4 ,y 4 ) «• (6,c) 

For example 



X l 



Y 1 



The maximal parahoric subgroups are given by the vertices of the Weyl alcove C t. Identify t = C 2 
using the basis H\ = [X\,Yi] and H 2 = [X 2 ,Y 2 ]. Then the Weyl alcove is a triangle with supporting 
hyperplanes 

V = x, y = x/2, y = 1/2 

The vertices are (0, 0), (1/2, 1/2) and (1,1/2). The first corresponds to G[[z]]. The third corresponds 
a subgroup with a Levi factor = 6*05 and it is conjugate to G[[z}] by an outer automorphism. The 
parahoric corresponding to (1/2, 1/2) has a Levi factor isomorphic to SL 2 x SL 2 the Lie algebra of this 
levi is given by 

. „ ( H 4 Y 4 ®z\ ( H x X 1 \ 
5l > X5i >={x 4 ®z-i -H 4 ) X {y 1 - Hl ) 

It is conjugate by outer automorphisms to the SL 2 x SL 2 C SO5 whose Lie algebra is 

(H 4 Xi \ f Hi Ii \ 
^ n -Hi ) \Yi -Hi ) 

The non isomorphic Levi subgroups occur because of the different length roots in SO5. This demon- 
strates that when a node develops parahoric structure associated to the co-character (1/2, 1/2) one can 
gets not an SO5 bundle at the node but a bundle with a reduction to SL 2 x SL 2 at the node. 

5.3. Formal Construction. The motivation to construct the embedding X^H came from a formal 
algebraic construction of Faltings given in [10, 6] and [9, 3]. Given a family of smooth curves C — >• B 
degenerating to a nodal special fiber Co, Faltings constructs a formal algebraic stack F over B which 
contains as a dense open substack the moduli stack Buna{C/B). Faltings proves the stack T is complete 
(see [9, 3.1]). 

We will not give here the details of the construction of T but the key ingredient in the construction 
is a groupoid F over the formal disc D = SpecC[[s]] which Faltings uses as a local model for G-bundlcs 
near a node. Wc explain the connection between the groupoid F and X°^J . 

The construction of F depends heavily on the toric variety T K and T K = A r+1 of section 3.2. To 
define the groupoid we need a certain subgroup scheme G A C T x L X G x L y G where L X G — G((x)) and 
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similarly for y. Over a point p S T the subg roup (Z L X G x LyG is given as follows. If p e T K is 
written as 4.77(0) where -q G V^k then the group G A is isomorphic to 

Gp = A(L V ) x (CZ" x eg 

where := £,,£/,, C G K ((x)) and P~ := L V U~ C G K ((y)) are the parabolic or parahoric subgroup 
associated to 77. That such a group scheme exists is proven in [10, 6.3]. 
The groupoid F — (Fi =4 F ) is given as 

F = T<<x L X G x L y G 

F 1 C F Q x VK a// x T K x G A 

The arrows i*\ =4 F are given by projection and an action map. More precisely, if we denote a point of 
F as (p, 7) and a point of W aff x T K x G A as (w, t, # A ) where for every p E T K we have # A € G A , then 
the action is 

(M,5^)-(p,7) = (P,9pl) 
(w,t, l).(p,7) = («>(t.p)«; _1 ,7) 

The meaning of Fi C Fo x W a ^ x T K x G A is that in order for the action map to make sense we only 
consider those points ((p, 7), (w, /;, .g A )) . 

Because, in the notation of section 3.2, we have T K /W a ^ = T K it follows that F is isomorphic to the 
groupoid F'\ 

F^=lf xL x Gx L y G 
F{ = ^xf x G A . 

Comparing with proposition 3.6 it follows that the coarse moduli space of the associated stack of F' is 
isomorphic to X^J pulled back to SpecC[[s]] via the inclusion C[s] C C[[s]]. 

Faltings construction gives a formal completion of bundles on nodal curves. As we have already 
mentioned in remark 22 in the analytic setting there is no trouble constructing this completion as an 
honest complex analytic space. Constructing an honest algebraic stack will be done in a follow up paper. 
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